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A human-machine interface (HMI) is a technique of technology that enables
communication and interaction between machines, robots, and humans. The
major goal is to create an intuitive and effective means for humans to interact
with awkward machinery or computerized systems. In this manuscript, we
propose complex intuitionistic fuzzy linguistic (CIFL) sets and derive their valuable
laws. Furthermore, we introduce the CIFL power geometric (CIFLPG) operator,
CIFL power weighted geometric (CIFLPWG) operator, CIFL generalized power
geometric (CIFLGPG) operator, and CIFL generalized power weighted geometric
(CIFLGPWG) operator. Several fundamental properties are likewise established
associated with these four techniques. Moreover, each procedure contains many
features, but identifying which feature significantly influences the application of
the human-machine interface is very complicated; for this, we describe the
process of the multi-attribute decision-making (MADM) method using the derived
operators for identifying the optimal feature for the human-machine interface to
improve the performance of the proposed operators. Subsequently, we discuss a
comparison of the proposed methods against selected existing techniques
through numerical examples to show the superiority as well as flexibility of the
proposed method.

1. Introduction
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In real-world problems, we need a valuable and robust procedure for evaluating them
because, in our observations, many people use decision-making techniques to determine the optimal
decision among a finite set of available alternatives according to specific criteria or attributes.

Moreover, the human-machine interface [1, 2] is also a very dominant technique for
evaluating or depicting imprecise and uncertain information in real-world problems. Many scholars
have utilized it in the fields of engineering, computer science, and artificial intelligence based on crisp
set theory. Furthermore, these applications have been utilized based on crisp set or classical set
theory, and as a consequence, substantial information was lost. It was noticed that under crisp set
theory, only two forms of information are possible: zero or one, with no intermediate values. For
handling such kinds of problems, Zadeh [3] introduced the concept of fuzzy set (FS). The membership
grade in FS theory is specified over the unit interval for elements of the universal set. Furthermore,
Atanassov [4, 5] derived the intuitionistic FS (IFS) with two functions, referred to as supporting grade
“Rz_(x)” and supporting against grade “Sz_(x)” with a characteristic thatis 0 < Rz (x) + Sz, (x) <
1, because without support against the grade, many problems have occurred in genuine life
dilemmas. Further, we noticed that the FS is the dominant idea of the IFS because to remove the
grade of falsity “Sz_(x)” from IFS, then we can easily derive the FS theory. Furthermore, we have the
following applications based on FSs and IFSs, for instance, on a novel view of FS theory [6], fuzzy
superior mandelbrot set [7], fuzzy set-configurational analysis concerning job characteristics [8],
TOPSIS technique and Hamacher operators for IFSs [9], and power aggregation operators founded
on Aczel-Alsina operational rules for interval-valued IFSs [10].

Ramot et al. [11] introduced the complex FS (CFS), which is a similar concept formulated
differently, since FS theory employs a truth grade defined over the unit interval, but in the case of
CFS, we have a truth grade represented by a complex number, in which both real and imaginary
components lie within the unit interval, indicating that FS theory can be regarded as a special case of
CFS. However, truth with a complex-valued representation is not enough because, in many situations,
we are required to use an extended approach that will contain a complex-valued membership grade
and a complex-valued non-membership grade. For this, Alkouri and Salleh [12] introduced the
complex intuitionistic fuzzy set (CIFS), where the CIFS theory incorporates two distinct grades within
the same framework, denoted as truth grade (9%51(35), ERIET(x))and falsity grade ”(6§T(x), Sk, (35))”,
with two strong conditions: 0 < RE (x) + G5 (¥) <1 and 0 < R _(2) + S_(x) < 1. Moreover,
these concepts have numerous applications owing to their ability to represent two-dimensional
information in real-world applications. Several important applications of CFSs and CIFSs have been
developed including, for example, for instance, complex fuzzy distance and cross-entropy measures
[13], complex fuzzy neighborhood operators [14], information measures associated with CIFSs [15],
Aczel-Alsina power operators for CIFSs [16], robust correlation coefficient measures for CIFSs [17],
competition graph for CIFSs [18], operation properties and (a, b)-equalities for CIFSs [19], together
with a novel representation of IFSs and their applications in decision-making problems [20].

In numerous real-world problems, we have assigned information expressed through linguistic
terms, where the linguistic set (LS) framework was initiated by Zadeh [21, 22], which provides an
effective framework for representing imprecise information in various real-world situations. Further,
Herrera et al. [23] evaluated the combination of FS and LS, called fuzzy LS (FLS). Moreover, Zhang
[24] derived linguistic IFS (LIFS). Further, the novel complex linguistic fuzzy set (CLFS) theory was
introduced by Mahmood et al. [25] through the integration of two distinct approaches, called CFSs
and LSs. Additionally, Rodriguez et al. [26] derived the complex fuzzy preference relations. Anyhow,
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many scholars have combined the idea of LSs and CFSs, for instance, Alkouri and Salleh [27]. Further,
Yager [28] presented the generalized weighted geometric (GWG) operators. Yager [29] also
introduced the power averaging (PA) operators. Furthermore, the above operators are defined based
on fuzzy set and their extensions by many scholars, for example, Zhao et al. [30] introduced modified
operators for IFSs, Bi et al. [31] presented averaging operators associated with IFSs, Hu et al. [32]
proposed PA operators, Garg and Rani [33] developed modified operators for CIFSs, Liu et al. [34]
examined power-modified operators for intuitionistic linguistic sets, Zhao et al. [35] proposed the
modified power operators for IFSS, Jiang et al. [36] developed power operators for IFSs, Xu [37]
examined aggregation operators for IFSs, and Rani and Garg [38] analyzed power operators for CIFSs.
After our observations, we noticed that the existing techniques present several limitations and
problems owing to their underlying structure; therefore, we are required to examine the CIFL sets
and their operational laws. During decision-making processes, experts commonly encounter the
following questions; for instance, how can new ideas be assessed? How can new operators be
formulated? How can the optimal choice be determined according to the ranking values obtained?
Therefore, we aim to investigate CIFLS and their operational laws, because this idea has many
advantages. While retaining the benefits of CIFLS, the principal contributions of this study are given
below:

i.  Toformulate CIFL sets and establish their fundamental laws.

ii. To introduce the CIFLPG operator, CIFLPWG operator, CIFLGPG operator, and CIFLGPWG
operator.

iii. To establish several important properties associated with the four proposed techniques.

iv.  Each procedure involves multiple features, but finding which feature has a significant role in
applying the Human-machine interface is very complicated.

v. To formulate the MADM procedure using the proposed operators for identifying the optimal
feature for the human-machine interface to improve the performance of the proposed
operators.

vi. To discuss a comparison of the proposed methods against selected existing techniques
through numerical examples to demonstrate the superiority and flexibility of the proposed
approaches.

This manuscript is organized as follows: In Section 2, we presented the concept of the PA operator
and the GWG operator within the crisp set framework. Further, we reviewed the IFLS and
reformulated their operational laws with respect to the universal set X. In Section 3, we formulated
the CIFL sets and established their fundamental laws. In Section 4, we introduced the CIFLPG
operator, CIFLPWG operator, CIFLGPG operator, and CIFLGPWG operator. Several fundamental
properties are also established for the above four techniques. Section 5 focuses on the fact that each
procedure involves multiple features, but identifying the feature that is most influential in applying
the Human-machine interface is considerably challenging; therefore, we formulated the procedure
for the MADM framework using the proposed operators for identifying the optimal feature for the
human-machine interface to improve the performance of the proposed operators. In Section 6, we
presented a comparison among the proposed methods against selected existing techniques through
numerical examples to demonstrate the superiority and flexibility of the proposed approaches.
Section 7 presents the concluding remarks.
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2. Preliminaries

This section briefly presents the concept of the PA operator, together with the GWG operator
within the crisp set framework. Further, we reviewed the IFLS and reformulated their operational
laws with respect to the universal set X.

Definition 1: [29] The PA operator concept based on the family of non-negative integers Ef,q =
1,2, ...,0, is defined below:

(1+32(59)) -

PA(E2,58, - 50) = B3 113,00) o

(1)

Additionally, the term (DZ(Hf.) Z 56 "L) where S(Sf,:é) =1- D(.:'f, S;) Here, we have

CHEL= 1 ST
the following properties:

i S(:E,:;) [0,1].

i.  S(&; 5 =S(&4E7).
i.  1fS(&;,5L) > S(2K, 2L) then S(Ef, 5L) < S(EF, ED).

Definition 2: [28] The idea of GWG operator based on the family of non-negative integers Ef,c =
1,2, ..., 0, is initiated below:

GWG(EL, 22, ..., 52 =¢i( cz(f)g““) 2)

The mathematical shape of the weight vector is denoted by: Z§=155=Wc = 1,$5=WC € [0,1],and €, > 1.

Definition 3: [34] An IFLS is exposed in the shape:

Ze ={(2ac A5, (), 65,() ) :x € X 3)
Noticed that £, € S[O,r{] = {8,: € R} represents the linguistic set and the mathematical shape of
truth and falsity functions are denoted by: Rz ,Sz : X — [0,1] with 0 <Rz (3) + Sz, (x) < 1.
Moreover, the refusal degree is obtained expressed as: RET((x)) =1- (ERET(x) + GET(x)). Finally,
the form =7 (53,1 yRos, 655;) ,¢ =1,2,...,0, represents the IFL numbers (IFLNs).

Definition 4: [34] Let Ef = (BAC,SR,c, 65c),c = 1,2, ..., 0 be any IFLNs. Then

=T

ElpE? = (gn(ﬂ+ﬁ—A1A2)’m5% + Rz — ERE%ERE%,GE%GE%)
T 110

g 512 = (BH(AMz)» ERE%ERE%' 65% + 65% - 65%65%>
1

- G Cs
C,57 = B“<1‘(1‘/111_1)¢S>’ 1- (1 - ERE%) '(65%)
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ENGs = (ﬁ Cs) (‘RE%)GS, 1- (1 - 65%)¢S>

A
()
Definition 5: [34] Let ETc = (BAC»SREC» GEc),c = 1,2, ..., 0 be any IFLNs. Then the score function and
accuracy function are derived below:

GSF(._.g) — ) € 2[_11_[

(5,

T

GAF(HC) — Ag (5}{ +6. ) € E[O,l'[]

=T

Some dominant condltlons are derived below: If &5F (51) > &5F(52), then 5} > 52; if 65F(H11) <
SF (52), then 5L < E2; if GSF(Sl) = GSF(82), then, if GAF (1) > GAF(52), then E1 > 52; if
GAF(51) < GAF(32), then Z1 < &

3. CIFL Sets

This section introduces the novel idea of CIFLSs and their fundamental properties, like score value,
accuracy value, and algebraic laws.

Definition 6: A CIFLS is expressed in the following form:

% = {24 (%80, 0L, @), (SF, 0, 8L, ) ) v € ) )

Noticed that £, € S'[O,n] = {8,: ¥ € R} represents the linguistic set, and the mathematical shape of
truth and falsity grades is initiated in the shape: R , &% , R, St : X — [0,1] with 0 < RE (3) +
G5 (3) <1land 0 <R (¥) + S (¥) < 1. Additionally, we derived the refusal grade in the shape:

Rz, () = (RE, (), RL, @) = (1 - (RE,() + S, (), 1 - (W, + SL,W)). Finally, 5 =
<8Ac (SR,;,SR; ) (6,;, 615g>),§ = 1,2, ..., 0 represents the CIFL numbers (CIFLNs).

Definition 7: Let Z; = (53,1(, (SRS; ER ) (64, 6;;)),( = 1,2, be any CIFLN. Then

m m miI

B @a?= <53n(A1 bty (RE, + RE; — RERE,, R, + R, — RLRL), (6’316_2,6;%6;%))

(9%’319%-2,9%’,192’,2) , (6’51 + &F, — F, 68, 6L, + &L, — 621622))
T H) 2T 8T =T =T =7 =T &7
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I

%= | g (02) () 7). (1- (1 -22) "1 - (-]

Definition 8: Let .’:"T = (2,1; (%_g,iﬁég) (G_g, GIEC)),C = 1,2, be any CIFLN. Then we derived the

score and accuracy function, such as

SF (Hc) 2 (mfg—e’fg+m‘;g—6’,c) € Q[_LH]

Ag‘ T "’TZ T T
G (E5)=2¢ €L
(&) = (m§¢+6§¢+9{’=¢+6’=¢) Lo}
Ag‘* =T ""L'2 =T =T

—-

Some dominant conditions are stated in the shape: If &5F(81) > &5F(&2), then &l > 52; if
6SF(H1) < G5F(52), then £ < BZ; if 65F(H ) = &5F(E2), then if GAF(E)) > &4F(52), then 5L >
22, if GAF(ED) < G4F(E2),then Bl < &

T

Theorem 1: Let 5; = (2,1 , (ER_C, ER’SE) ) (GSE’ 629) ,¢ =1,2,...,0, be any collection of CIFLNs. Thus

1) =1 72 _ 72 =1

El@E:=52@ 5L
2 =1 w2 _ o2 =1
) Bl @ 52 =52 @ 5L

3) €57 @ 6,57 = C;(5: @ &
4) EH%® ("3)“5 = (El @ )@s.
5) ((£1+(£2 @%S%EB@Z

6) (:%)<¢s+@?> = (EHE ® (:%)ﬁs.

Proof:

1) Let

nm'mn min

51 @ at = <QH(A1 1o Lty (%2, + RE, — RERE, R, + R, — REWRL ), (6’316~z,6’5%6’5%))

&3]

= (QH(AZ_,’_Al_M), (935% + SR: ER}SzERﬂ,ERIHz + SRI% ERQ%ERQ ) (6526—-1, 61—-26 1))

T o I
— =2 =1
=P E;.
2) Omitted.
3) Let
S“T @ (S’S“T
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) <2“<1—(1-A—1)GS(1—A_2)@S)' <1 B (1 - mg%)% (1 B g'Rg%)(gs 1
- (1-m)" (1)) ((85) 7 (%) (k) (615%)%)>

=G | &y, 1_mapy, (RE + RE, — RERD, KL, + R, — RL,RL, ), (S5, 65, 6L, 6L, )
H(ﬁ+ﬁ_ T H) =T =T ST BT =T =T ST 8T =T 2T =T 8T

= Cs(z7 @ £7).

4) Omitted.
5) Let

(€ + €7

C5+C3

- 2H<1_(1_ﬂ)¢g+¢§>, <1 - (1 - ing%) 1

_ (1 _ mé%)c_%wg)’((@g%)@}mg ’ (62%)¢}+¢§>

1

BRI (CINCON

- (1- %2%)€§> : <(G§%)¢§ : (62%)G§>
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= cls! @ 623}
6) Omitted.

3.1 CIFL Generalized Power Geometric Operators
This section derives the idea of CIFLPWG, CIFLGPG, and CIFLGPWG operators, and also initiates

their basic properties like idempotency, monotonicity, and boundedness.

Definition 9: Let .:T = (2,1; (%_g,iﬁég) (G_g, GIEE)),Q =1,2,...,0, be any collection of CIFLNs.
Then, we initiated the CIFLPG operator, such as
(1+32(29))
CIFLPG(52,52, ..., 58) =@, (55) @6 (1+72(50)
Further, we stated the distance measure for any two CIFLNs, such as

|ag=4

D(&f,28) = (F57) + 5 (| — 98| + |l — 5, | + [ — [ + |es — i) &)

Theorem 2: Given a collation of CIFLNSs, it follows that the resulting aggregation under the CIFLPG
operator remains a CIFLN, as follows

CIFLPG(EL, B2, .., EF

2 (1+¢Z(“§)) 4 (1+<1>Z(:§))
. a(s SACHEZEIN N [CA TR EZE)
m H§=1(%)®§=1<1+5Z(5§)) ¢=1 ¢=1
Q (1+<Dz("§)) 0 M
1- 1-— GR (1+¢z(:¢) 11— 1 _ 61 1(1+‘7’z(55))
o)

Proof: By mathematical induction, we verify the above result, when o = 2, we have

2

(1+@z(g1) \’
n (%)®g=1(1+$z(5-€)>

(1+482(2D)) (1+34(21)) (148(21))
(5%)@g=1(1+$z(55)) _ (misl)@%:l(ﬁéz(sﬁ)) , (ERIE 1)®§=1(1+$Z(5§))
(1+<T>Z(E%)) (1+‘7’Z(5%))

1-(1- eg%)@?=1(1+‘7’z(55)) 1-(1- 62%)®5=1(1+52(55))

351



Applied Expert Systems and Knowledge Management
Volume 1, (2026) 344-366

(1+32(53))

2
H((Arf)@?-*”z(

(1+32(z3))

(1+32(52)) \’
s%)))

(1+32(z3))

(51?) ®i-1 (1"'32(55))

Then

)

(1+32(53)) (1+32(22))

(1+2(21)) (1+32(22))

CIFLPG(EI ’;'2) — (E%)@g=1(1+32(55)) ® (EE)@3=1(1+$Z(E.§))

T

g2

1 _ (1 _ 62%)69?:1(14-32(55)) ) 1 _ (1 _ 62.%)@%:1(14-%2(55))

| (e g o
(1+32(zD)) (1+32(23))

g2

(1+32(s1) \’
n((ﬁ)@%-m@z)))

1— (1 _ 621)@§=1(1+$Z(55)) 11— (1 _ 621)69%:1(1‘“?’2(55))

(1+37(52)) '\’
n((%)@%n(lwz@z»)

(1+32(z2))

(5, )@= (1+22(50), (st )@ea(1+02(50) )

(1+$Z(5%))

1— (1 _ 62%)693:1(“32(55)) 1- (1 _ Gé%)eagzl(uaz(sg))

(1+32(z3))

(1+32(c3))
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ﬁ (1+<1>Z(f()) ﬁ (1+¢Z(:§()) 3
g 1+¢Z 1+¢Z 1+¢Z '
H(rﬁ 1 1+¢z ) =1 =t
5 (1+4‘>z( ())C) 2 Q(l-EizEEi()) )
R 1+q>z z 1 \@2%_, (1+5(=5
1—“(1‘65) ’1—@1(1‘655) ‘

We have obtained our result for ¢ = 2, further, for ¢ = y, we have

CIFLPG(EL, 52, .., 57
y (1+¢>Z(J)) y (1+¢Z( ))
Q ) 1_[ mR @Y, (1+82()) 1_[ _(1+82(29))
1 H¥=1(%>®¥=1 1+7(27) =

y (”@Z(“C)) y
(1- k)@= (1+82(=0) 1 H (1-eL)
=1 o ¢=1

For o = y + 1, we prove our required result, such as

1-—
S

(1+32(57))
CIFLPG(E2,52,..., 22 *") =@, (55) @1 (1172(5D)
y (1+32(59)) y

e o) | [ ] (%)%
n| . (n)@y+1(1+‘7’ 2(=%) c =

y (1"’4’2( )) y

1 _ 6R 1+c1>z(:§)) _ 1-6)®
oyl [l

(1+¢Z( y“))

® (EryH)EBq:l L(1+82(29))

(1+c1>z(f))

1+37(25)) 1_[ SR1 692'111+¢z( ))
=1

T (1+@4(59))

L (1+32(29))

(1+¢Z("y“))

(ETyH)@Fl L(1+@2(2))

(1+¢>Z(:¢))

(1+32(59))
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(1+4>Z(:§)) y (1+¢Z(:§))

y
1_[ ERR DY (1+@4(s8 ERI &Y (1+@4(2 ))
1

¢=1 ¢=

)

’ k(migﬂ)@ﬁf@”z@>,(m;g+1)@?-*f<“¢ <=9)

Il
N~

y+1 (1+32(_5§)) y+1 (1+¢>Z(:§ )
Q (1+¢z(:§)) ’ 1_[ (mi)@y 1(1+52(E§)) 1_[ (mit)@g_j(uq&(:g )
oo aae |\
y+1 (1+32(29) y+1 (1+432(9))
1— 1 — 65 @3::11(1“7’2(55)) 11— 1— 61E 6]92':11(1+$Z(5§ )
- Fa-=

Hence, we have done the needful.
Property 1: If 5f = &, = (EA, (RE,RE ), (SE, 6’5T)) ,¢=1,2,...,0, then
CIFLPG(E} E2,..,E2) = &,

Property 2: If =5 < &%, c=1,2,...,Q, ie., QACSQ,’L,ER;SER#SQERI <ER#Hc and &R

T T

R I
G* s, &L = &%, then
=T =T =T

CIFLPG(Z}, 22, ..., 22) < CIFLPG (:#1,:#§,. i)
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Property 3: If Z, = <£min(A) (mm (ER ) min (ER )),(max (655),max (63))) and Ef =
<8max(A¢)' (max (inT) max (ER )) , (min (655) ,min (6155))) ,¢=12,..,0, then
E7 < CIFLPG(EL,E%,..,E2) <&

Definition 10: Let = (2/1: (%_g,ﬂ%lgg),(egg, Gég)>,g =1,2,...,0, be any CIFLNs. Then, we
initiated the CIFLPWG operator, such as

55=§(1+<?>Z(5§))
CIFLPWG(52, 52, ..., 58) =@®¢_, (55) ®i-5e(1+22(52))

Noticed that Sf)zc € [0,1], Z —q Sbc 1, represents the weight vectors. Further, we stated the distance
measure for any two CIFLNs, such as

D(Sﬁ,lé)=(|/l = l) 7 (|78 = RE + |mLe — | + |&F — & | + oL — &Ly )

Theorem 3: Given a collection of CIFLNs, it follows that the resulting value under the CIFLPWG
operator remains a CIFLN, as follows

CIFLPWG(Z} E2,..., B2
0 55§(1+¢Z(u,)) 0 55;(1+¢’z(~g))
)\ n(%gg) §=15(1+22(27) &5 55(1+22(27))

¢=1 §=1

U

55:C<1+$Z 55,;

nf 1 (AC) §=15¢(1+32(27))

Proof: Straightforward.
Property 4: If 5 = &, = (QA, (‘RR RL ) (SR cL )) ¢=12,..,0,then
CIFLPWG(EL E2,..,52) = &,.

I"“[

Property 5: If Zf <Z%,¢=12,..,0, ie, & <@ Ri < ‘R#};c,‘ﬁgg <R and Gl >
G#I;c, 6{.( > G Hc, then

CIFLPWG(&}, 52, .., E2) < CIFLPWG (5%;, 577, .., 5%7).

i ‘L'
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Property 6: If Z; = (ﬁmm(Ac) (min (), min (%)), (max (% ) , max (egg))) and Ef =
<£maX(AC), (max (®E), max (L)), (min (% ) , min (62;))) ,¢=12,...,0, then

E7 < CIFLPWG(EL E2, .., ER) <E
Definition 11: Let 55 = (53/1@ (m,g,mgg) (6,;, 62<)>g =1,2,...,0, be any collection of CIFLNS.
Then, we initiated the CIFLGPG operator, such as

(1+$Z(5§))
CIFLGPG(EL, 22,..,52) = — ®§=1 @S(5§)®§=1(1+az(s$))

S

Further, we stated the distance measure for any two CIFLNs, such as
=6 o |A | R I I R R I 1
D(Zt &) = —fF— ) (|§R = 9|+ ;g — L[ + &l - [ + |els - ely)

Theorem 4: Given a collection of CIFLNs, it follows that the resulting value under the CIFLGPG
operator remains a CIFLN, as follows

CIFLGPG(EL 22, ..., 52

. @i
{H (Hé’l(( I Hiziz ))
0 e(l@ga)c = . (132(50) T
- 1;1[ (1 _ 1 _ iRR >®C=1(1+¢z(~ ) 1:1[ (1 _ 1 . ERI >69¢=1(1+¢z(:1))
¢=1 ¢=1 ‘

Proof: Straightforward.
Property 7: If 5 = &, = (QA, (RE,RE ), (S8, G’ET)) ,¢=12,..,0, then

CIFLGPG(ZL, 22,..,52) = &,.

T

- _ = . R 1
Property 8: If 55 < 5% ¢=12,..,0, ie, L, < Eﬁc,i}iig <R R <R* ¢ and SR >
=T =T =T =T =T
R
G* 5,6l > s*Le, then
=T =T =T

i ‘L'

CIFLGPG(E}, B2, ..., 5%) < CIFLGPG (573,877, .. 5%7).
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Property 9: If Z = <£min(Ac) (mm (ER ) min (ER )),(max (655),max (63))) and Ef =
<8max(A¢)' (max (iRifg) , max (iRég)) , (min (655) , min (6155))) ,¢=12,..,0, then

E7 < CIFLGPG(8L,22,..,82) < &

Definition 12: Let = ~c (ﬁ/lc (‘R,g,iﬂlsg) (6,;, Gég)>,€' =1,2,...,0, be any collection of CIFLNs.
Then, we initiated the CIFLGPWG operator, such as

Se(1+82(25))
ol 2 @ 1 e =6\ DL, Be(1+32(59))
CIFLGPWG(HT,HT,...,zT)z(Z— Q2 €y(55)Femadslirezls
S

Noticed that 55c [0,1], ZQ ) 55¢ 1, represents the weight vectors. Further, we stated the distance
measure for any two CIFLNs, such as

(55 20) = () (s - 8+ ot — | + o5 - o+ ot~ )

Theorem 5: Given a collection of CIFLNs, it follows that the resulting value under the CIFLGPWG
operator remains a CIFLN, as follows

CIFLGPWG(EL, 22, ..., 5}

g 1,
S(1+32(=5)) \\"
()P 205
1 1
) 5:<(i+‘7’2(5§)) Cs 0 55:g(i+<7>z(5§)) Cs
o LR (RO ) R (R e
¢=1 ¢=1
1 1
o Se(1+32(z5)) \ & 0 Se(1+32(z5)) \ &
1— GR bs §=15=C(1+$Z(“r) 1-— 61 bs §=155:C(1+$Z(5§))
(GOl (G CON

Proof: Straightforward.
Property 10: If 5; = 5, (BA, (RE, ML), (SE 6L )) =1,2,...,0, then
CIFLGPWG(EL 22, .., E7) =

Property 11: If 55 <& ¢=1.2,..,0, ie., L4, Sﬁﬁc,iﬁ_ <5R#~c,ER <ER#~¢ and G} 2 =
&* 55, Gl = G5, then
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CIFLGPWG(EL, 22, ..., 22) < CIFLGPWG (5#; g#2 . 5#¢ )
Property 12: If 57 = (Qmm(Ac), (min (ﬂ%gg),min (mgg)) , (max (Gi;g),max (629)) and Ef =
<8max(/1§)' (max (E) , max (L)), (min (5 ), min (61;))) ,¢=12,..,0, then
E; < CIFLGPWG(E} 22, ..., 52) < &}

These proposed techniques are very dominant and reliable because of their underlying formulation,
where the geometric operator, averaging operator, power operator, and generalized operators
formulated using fuzzy set together with their extensions constitute special cases of the derived
techniques.

4. MADM Approach Using the Proposed Techniques

In this section, we present the MADM approach using the proposed techniques, the CIFLPWG
operator and the CIFLGPWG operator, to improve the utility of the proposed operators.

For this, we select some alternatives E},ETZ, ...,ETQ, where for each alternative we have a
collection of attributes, such as Zir, Z2;, ..., E4%. Further, we consider some weight vectors 55=¢ S
[0,1], §=155=c = 1, where the order of the weight vectors could be equal to the order of the
attributes. Then, we computed the matrix by including the values of the CIFL information and noticed
that £, € S[O,H] = {8,: ¥ € R} represents the linguistic set, and the mathematical shape of truth
and falsity grades are initiated in the shape: Rf, S5, R, G X — [0,1] with 0 < RE () +
G5 (3) < 1land 0 <R (%) + S, (¥) < 1. Additionally, we derived the refusal grade in the shape:

Rgr(x)=(Rgr(x),fRér(x))=(1—(%§T(x)+6’§r(x)),1—(iRgr(x)+6’5T(x))). Finally, 55 =

<8Ac' (iRgg, iRég) , (655, 6’55)) ,¢ = 1,2, ..., 0 represents the CIFLNs. Thus, for assessing certain real-

world problems, we employ the following approach to assess the given information, as follows

Step 1: Construct the matrix by incorporating the values of CIFLNs. When cost-type data are present
within the matrix, then the matrix is normalized, such as

(8/1;' (iﬁgc, még) ) (659 6;¢)> bepefits
(QAC: (egc. glsc) , (ﬁn’;g, ‘ﬁéc» cost
If we have a benefit kind of data in the matrix, then we will not require it to undergo normalization.

Step 2: Construct the aggregated matrix, employing the CIFLPWG operator together with the
CIFLGPWG operator, as follows
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CIFLPWG(ZL E2,..., 52

0 55c(1+¢’z(~c)) 0 55=c(1+‘7’z(5§))
@Q .f) __‘C Q_ $j= 5 Eg
£ Sj:¢<1+<7>z(5$ ) ’ 1_[ (mEg) e 1+¢Z( ) 1_[ I c—1 C(1+¢Z( ))
ol e (2) e 22(e8)) | \*
0 Be(1+32(59)) 0 Be(1+32(59))
_ 1_[ (1 _ 6}§g)@§=155=¢(1+$z(5§)) 11— l_[ (1 _ 62;)®§=15=€(1+32(5§))
¢=1 - ¢=1 -
CIFLGPWG(EL B2, ..., 52
35((1""152(— )) %5,
( kn? () Pemalss >)D
1
0 . 5 1"'4’2(—1)) GS 0 . 9:¢(1+$Z(5§)) Cs
= 1-|1-= 1—-(1- ERI:, s ®Q=155§(1+¢Z(~r)) 1-11- 1—(1- iRL s @g=155=c(1+3z(5§))
[16-G-myF [16-0-5°)
1 1
0 Bo(1432(55)) \ & 0 . Be(1+82(55)) \ &
1— 6R @, 5¢(1+32(2%)) l1- 1- ()™ DL, 5c(1+82(25))
=[]0 [T~ (et
Step 3: Calculate the score values for the aggregated information, as follows
SF (=S
© (H ) £ (ERI_?C—G}:CHRI c—@I,C) € Q[_l m
AC =T "‘1.'2 =T =T

Step 4: Determine the optimal decision, based on score values for ranking the set of alternatives.

Finally, we established that the proposed techniques demonstrate superior performance; therefore,
we examine several numerical examples using the proposed operators to demonstrate the
effectiveness of the proposed framework.

4.1 Analysis of Human-Machine Interface Based on Initiated Operators

Human-machine interface is a technique or method that enables communication and interaction
between humans and machines. The primary objective of this application is to identify an effective
means for humans to interact with awkward machinery or computerized systems. Every technique
or procedure contains many features, but finding which features significantly influence the
application of the Human-machine interface is very complicated. To address this, we formulated the
MADM framework using the proposed operators to identify the optimal features for the Human-
machine interface and improve the operators' performance. For this, we consider the following five
alternatives, as follows
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"« r-vln

1) Communication Protocols
2) Sensors and Actuators “Z2”
3) Software Applications “Z
4) Control Systems “Z2”
5) User Interface ””5".

“u r-v3n

To determine the optimal choice, we consider the following features, such as growth assessment,
social influence, political influence, environmental effects, and internet execution, using the
following weight vectors, such as (0.2,0.2,0.2,0.2,0.2)7. Thus, to assess certain real-world problems,
we employ the following approach for assessing the above information, such as

Step 1: Construct the matrix by incorporating the values of CIFLNs, as shown in Table 1. When cost-
type data are present within the matrix, the matrix is normalized, such as

(BAC (%2, %), (6-;,629) begefuts

(BAc (6_;, Géﬁ) (ER_C, iRi_g)> cost

When benefit-type data are present in the matrix, normalization is not required, whereas the data
presented in Table 1 require no normalization.

N =

Table 1
CIFL decision matrix

Eir Edr Eir
El (8,,(0.6,0.5),(0.2,0.3)) (8,4,(0.61,0.51),(0.21,0.31)) (2,5, (0.62,0.52),(0.22,0.32))
E2 (8,,(0.8,0.6),(0.1,0.2)) (8,,,(0.81,0.61),(0.11,0.21)) (2,,,(0.82,0.62),(0.12,0.22))
=3 (8,,(0.4,0.3),(0.1,0.1)) (8,4,(0.41,0.31),(0.11,0.11)) (2,5, (0.42,0.32),(0.12,0.12))
o (8,,(0.9,0.9),(0.0,0.0)) (8,4,(0.91,0.91),(0.01,0.01)) (2,,,(0.92,0.92),(0.02,0.02))
E5 (8,,(0.4,0.3),(0.4,0.3)) (8,4,(0.41,0.31),(0.41,0.31))  (2,,,(0.42,0.32),(0.42,0.32))
Eir Eir
£l (8,3,(0.63,0.53),(0.23,0.33)) (2,4, (0.64,0.54),(0.24,0.34))
52 (8,3,(0.83,0.63),(0.13,0.23)) (2,4, (0.84,0.64),(0.14,0.24))
z3 (8,3,(0.43,0.33),(0.13,0.13)) (2,4, (0.44,0.34),(0.14,0.14))
Et (8,3,(0.93,0.93),(0.03,0.03))  (2,4,(0.94,0.94),(0.04,0.04))
E5 (8,3,(0.43,0.33),(0.43,0.33)) (2,4, (0.44,0.34), (0.44,0.34))

Step 2: Construct the aggregated matrix, employing the technique of the CIFLPWG operator together
with the CIFLGPWG operator; see Table 2.

Table 2
CIFL aggregated matrix

CIFLPWG Operator CIFLGPWG Operator
£l (85,1954, (0.6198,0.5198), (0.3806,0.4045)) (8,224, (0.000056,0.000015), (0.2209,0.3206))
52 (221954, (0.8198,0.6198), (0.3878,0.3806)) (842247, (0.00069,0.000056), (0.1216,0.2209))
=3 (851954, (0.4197,0.3196), (0.3878,0.3878))  (£;.2247, (0.0000039,0.00000075), (0.1216,0.1216))
o (851954, (0.9198,0.9198), (0.4808,0.4808) ) (812247, (0.0033,0.0033), (0.0271,0.0271))
E3 (851954, (0.4197,0.3196), (0.4474,0.4045)) (€, 2247,(0.0000039,0.00000075), (0.4205,0.3206))
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Step 4: Calculate the score values for the aggregated information; see Table 3.

Table 3
Score values of the aggregated data

CIFLPWG Operator CIFLGPWG Operator
E‘% ‘8.3891 3—0.3316
5‘% 2.7368 2—0.2093
E‘:l;' B—.0398 2—0.14—89
53 2.9638 2—0.0291
E‘? E—.1235 Q—0.4538

Step 5: Derive the best decision using the score values to aggregate the collection of alternatives; see
Table 4.

Table 1

Ranking information.

Methods Ranking values Best optimal
CIFLPWG Operator Er>EZ>El>EISE zt
CIFLGPWG Operator EF>EISEZSE S E? zt

The most suitable and dominant alternative is Z; according to the information obtained from the
CIFLPWG operator as well as the CIFLGPWG operator. Furthermore, we assess the proposed
techniques in comparison with selected existing methods to demonstrate the effectiveness and
validity of the proposed framework.

5. Comparison with Existing Methods

In this section, we present a comparison of the proposed operators against selected existing
methods using the data in Table 1. Comparative analysis provides an effective means for assessing
the effectiveness and validity of the proposed techniques, for this comparison, it is necessary several
established operators, therefore, the following existing methods are considered, for example, for
example, Zhao et al. [30] introduced modified operators for IFSs, Bi et al. [31] proposed averaging
operators for IFSs, Hu et al. [32] proposed the PA operators, Garg and Rani [33] developed modified
operators for CIFSs, Liu et al. [34] examined power modified operators for intuitionistic linguistic sets,
Zhao et al. [35] proposed modified power operators for IFSS, Jiang et al. [36] developed power
operators for IFSs, Xu [37] examined aggregation operators for IFSs, and Rani and Garg [38] analyzed
power operators for CIFSs. Therefore, the comparison is presented in Table 5 using the data in Table
1.
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Table 2.

Comparison of Methods.

Methods Ranking values Best optimal
Zhao et al. [30] Not succeed (Limited features Not succeed (Limited features
Bi et al. [31] Not succeed (Limited features Not succeed (Limited features
Hu et al. [32] Not succeed (Limited features Not succeed (Limited features
Garg and Rani [33] Not succeed (Limited features Not succeed (Limited features
Liu et al. [34]

Zhao et al. [35]

Not succeed (Limited features

Not succeed (Limited features

Jiang et al. [36]

Not succeed (Limited features

Not succeed (Limited features

Xu [37]

Not succeed (Limited features

Not succeed (Limited features

) )
) )
) )
) )
Not succeed (Limited features) Not succeed (Limited features)
) )
) )
) )
) )

Rani and Garg [38] Not succeed (Limited features Not succeed (Limited features
CIFLPWG Operator E2>EX>E>EISE o
CIFLGPWG Operator Er>EIS>EESEISE zt

The most preferable and the most dominant optimal is ZF according to the information

provided by the CIFLPWG operator and the CIFLGPWG operator. The previously developed
techniques did not succeed owing to their inherent limitations. Furthermore, the existing approach
represents special cases of the demonstrated techniques and therefore shows improved
performance compared with the existing techniques. Hence, the proposed techniques demonstrate
greater reliability and effectiveness compared with the established methods [30-38].

6. Conclusion
The main contributions of this study are summarized below:

1) We formulated CIFL sets and established their fundamental laws.

2) We introduced the CIFLPG operator, CIFLPWG operator, CIFLGPG operator, and CIFLGPWG
operator.

3) We examined several important properties associated with the four proposed techniques.

4) Each procedure involves multiple features, but finding which feature significantly influences
the application of the Human-machine interface is very complicated.

5) We formulated the MADM framework using the proposed operators for identifying the
optimal feature for the Human-machine interface to improve the performance of the
proposed operators.

6) We presented a comparison of the proposed methods against selected existing techniques
through numerical examples to demonstrate the superiority and flexibility of the proposed
approaches.

Future work will examine various types of operators, different techniques, and different
methodological approaches within other complex fuzzy set frameworks [39-44] and investigate their
applications to artificial intelligence, machine learning, game theory, neural networks applications,
and other recent decision-making models [45-52].
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    𝛯  𝜏 1 >   𝛯  𝜏 2


    𝔖  S F  (   𝛯  𝜏 1 ) <   𝔖  S F  (   𝛯  𝜏 2 )


    𝛯  𝜏 1 <   𝛯  𝜏 2


    𝔖  S F  (   𝛯  𝜏 1 ) =   𝔖  S F  (   𝛯  𝜏 2 )


    𝔖  A F  (   𝛯  𝜏 1 ) >   𝔖  A F  (   𝛯  𝜏 2 )


    𝛯  𝜏 1 >   𝛯  𝜏 2


    𝔖  A F  (   𝛯  𝜏 1 ) <   𝔖  A F  (   𝛯  𝜏 2 )


    𝛯  𝜏 1 <   𝛯  𝜏 2


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


    𝛯  𝜏 1 ⊕   𝛯  𝜏 2 =   𝛯  𝜏 2 ⊕   𝛯  𝜏 1


    𝛯  𝜏 1 ⊗   𝛯  𝜏 2 =   𝛯  𝜏 2 ⊗   𝛯  𝜏 1


   ℭ  s   𝛯  𝜏 1 ⊕  ℭ  s   𝛯  𝜏 2 =  ℭ  s  (   𝛯  𝜏 1 ⊕   𝛯  𝜏 2 )


     (   𝛯  𝜏 1 )   ℭ  s ⊗    (   𝛯  𝜏 2 )   ℭ  s =    (   𝛯  𝜏 1 ⊕   𝛯  𝜏 2 )   ℭ  s


   (  ℭ  s 1 +  ℭ  s 2 )   𝛯  𝜏 1 =  ℭ  s 1   𝛯  𝜏 1 ⊕  ℭ  s 2   𝛯  𝜏 1


     (   𝛯  𝜏 1 )   (  ℭ  s 1 +  ℭ  s 2 ) =    (   𝛯  𝜏 1 )   ℭ  s 1 ⊗    (   𝛯  𝜏 1 )   ℭ  s 2


    𝛯  𝜏 1 ⊕   𝛯  𝜏 2 =  (   𝔏  Π  (     𝛬 1 Π +     𝛬 2 Π −     𝛬 1 Π     𝛬 2 Π ) ,  (  ℜ    𝛯  𝜏 1  R +  ℜ    𝛯  𝜏 2  R −  ℜ    𝛯  𝜏 1  R  ℜ    𝛯  𝜏 2  R ,  ℜ    𝛯  𝜏 1  I +  ℜ    𝛯  𝜏 2  I −  ℜ    𝛯  𝜏 1  I  ℜ    𝛯  𝜏 2  I ) ,  (   𝔖    𝛯  𝜏 1  R   𝔖    𝛯  𝜏 2  R ,   𝔖    𝛯  𝜏 1  I   𝔖    𝛯  𝜏 2  I ) )


  =  (   𝔏  Π  (     𝛬 2 Π +     𝛬 1 Π −     𝛬 2 Π     𝛬 1 Π ) ,  (  ℜ    𝛯  𝜏 2  R +  ℜ    𝛯  𝜏 1  R −  ℜ    𝛯  𝜏 2  R  ℜ    𝛯  𝜏 1  R ,  ℜ    𝛯  𝜏 2  I +  ℜ    𝛯  𝜏 1  I −  ℜ    𝛯  𝜏 2  I  ℜ    𝛯  𝜏 1  I ) ,  (   𝔖    𝛯  𝜏 2  R   𝔖    𝛯  𝜏 1  R ,   𝔖    𝛯  𝜏 2  I   𝔖    𝛯  𝜏 1  I ) )


  =  (   𝔏  Π  (     𝛬 2 Π +     𝛬 1 Π −     𝛬 2 Π     𝛬 1 Π ) ,  (  ℜ    𝛯  𝜏 2  R +  ℜ    𝛯  𝜏 1  R −  ℜ    𝛯  𝜏 2  R  ℜ    𝛯  𝜏 1  R ,  ℜ    𝛯  𝜏 2  I +  ℜ    𝛯  𝜏 1  I −  ℜ    𝛯  𝜏 2  I  ℜ    𝛯  𝜏 1  I ) ,  (   𝔖    𝛯  𝜏 2  R   𝔖    𝛯  𝜏 1  R ,   𝔖    𝛯  𝜏 2  I   𝔖    𝛯  𝜏 1  I ) )


  =   𝛯  𝜏 2 ⊕   𝛯  𝜏 1 .


  =   𝛯  𝜏 2 ⊕   𝛯  𝜏 1 .


   ℭ  s   𝛯  𝜏 1 ⊕  ℭ  s   𝛯  𝜏 2


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s ) ) ⊕  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 2 Π )   ℭ  s ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 2  R )   ℭ  s , 1 −    ( 1 −  ℜ    𝛯  𝜏 2  I )   ℭ  s ) ,  (    (   𝔖    𝛯  𝜏 2  R )   ℭ  s ,    (   𝔖    𝛯  𝜏 2  I )   ℭ  s ) )


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s    ( 1 −     𝛬 2 Π )   ℭ  s ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s    ( 1 −  ℜ    𝛯  𝜏 2  R )   ℭ  s , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s    ( 1 −  ℜ    𝛯  𝜏 2  I )   ℭ  s ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s    (   𝔖    𝛯  𝜏 2  R )   ℭ  s ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s    (   𝔖    𝛯  𝜏 2  I )   ℭ  s ) )


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s    ( 1 −     𝛬 2 Π )   ℭ  s ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s    ( 1 −  ℜ    𝛯  𝜏 2  R )   ℭ  s , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s    ( 1 −  ℜ    𝛯  𝜏 2  I )   ℭ  s ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s    (   𝔖    𝛯  𝜏 2  R )   ℭ  s ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s    (   𝔖    𝛯  𝜏 2  I )   ℭ  s ) )


  =  ℭ  s  (   𝔏  Π  (     𝛬 1 Π +     𝛬 2 Π −     𝛬 1 Π     𝛬 2 Π ) ,  (  ℜ    𝛯  𝜏 1  R +  ℜ    𝛯  𝜏 2  R −  ℜ    𝛯  𝜏 1  R  ℜ    𝛯  𝜏 2  R ,  ℜ    𝛯  𝜏 1  I +  ℜ    𝛯  𝜏 2  I −  ℜ    𝛯  𝜏 1  I  ℜ    𝛯  𝜏 2  I ) ,  (   𝔖    𝛯  𝜏 1  R   𝔖    𝛯  𝜏 2  R ,   𝔖    𝛯  𝜏 1  I   𝔖    𝛯  𝜏 2  I ) )


  =  ℭ  s  (   𝔏  Π  (     𝛬 1 Π +     𝛬 2 Π −     𝛬 1 Π     𝛬 2 Π ) ,  (  ℜ    𝛯  𝜏 1  R +  ℜ    𝛯  𝜏 2  R −  ℜ    𝛯  𝜏 1  R  ℜ    𝛯  𝜏 2  R ,  ℜ    𝛯  𝜏 1  I +  ℜ    𝛯  𝜏 2  I −  ℜ    𝛯  𝜏 1  I  ℜ    𝛯  𝜏 2  I ) ,  (   𝔖    𝛯  𝜏 1  R   𝔖    𝛯  𝜏 2  R ,   𝔖    𝛯  𝜏 1  I   𝔖    𝛯  𝜏 2  I ) )


  =  ℭ  s  (   𝛯  𝜏 1 ⊕   𝛯  𝜏 2 ) .


  =  ℭ  s  (   𝛯  𝜏 1 ⊕   𝛯  𝜏 2 ) .


   (  ℭ  s 1 +  ℭ  s 2 )   𝛯  𝜏 1


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 1 +  ℭ  s 2 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 1 +  ℭ  s 2 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 1 +  ℭ  s 2 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 1 +  ℭ  s 2 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 1 +  ℭ  s 2 ) )


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 1 +  ℭ  s 2 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 1 +  ℭ  s 2 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 1 +  ℭ  s 2 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 1 +  ℭ  s 2 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 1 +  ℭ  s 2 ) )


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 1 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 1 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 1 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 1 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 1 ) ) ⊕  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 2 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 2 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 2 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 2 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 2 ) )


  =  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 1 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 1 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 1 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 1 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 1 ) ) ⊕  (   𝔏  Π  ( 1 −    ( 1 −     𝛬 1 Π )   ℭ  s 2 ) ,  ( 1 −    ( 1 −  ℜ    𝛯  𝜏 1  R )   ℭ  s 2 , 1 −    ( 1 −  ℜ    𝛯  𝜏 1  I )   ℭ  s 2 ) ,  (    (   𝔖    𝛯  𝜏 1  R )   ℭ  s 2 ,    (   𝔖    𝛯  𝜏 1  I )   ℭ  s 2 ) )


  =  ℭ  s 1   𝛯  𝜏 1 ⊕  ℭ  s 2   𝛯  𝜏 1 .


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  ⊗  𝜍 = 1  𝜚    (   𝛯  𝜏  𝜍 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


  D  (   𝛯  𝜏  𝜍 ,   𝛯  𝜏  𝜄 ) =  (    |   𝛬  𝜍 −   𝛬  𝜄 | Π ) ∗  1 4  (  |  ℜ    𝛯  𝜏  𝜍  R −  ℜ    𝛯  𝜏  𝜄  R | +  |  ℜ    𝛯  𝜏  𝜍  I −  ℜ    𝛯  𝜏  𝜄  I | +  |   𝔖    𝛯  𝜏  𝜍  R −   𝔖    𝛯  𝜏  𝜄  R | +  |   𝔖    𝛯  𝜏  𝜍  I −   𝔖    𝛯  𝜏  𝜄  I | )


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  (      𝔏  Π  (   ∏  𝜍 = 1  𝜚     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  𝜚     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  𝜚     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  𝜚     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  𝜚 = 2


     (   𝛯  𝜏 1 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) =  (      𝔏  Π  (    (     𝛬 1 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


     (   𝛯  𝜏 2 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) =  (      𝔏  Π  (    (     𝛬 2 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 ) =    (   𝛯  𝜏 1 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ⊗    (   𝛯  𝜏 2 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


  =  (      𝔏  Π  (    (     𝛬 1 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ) ⊗


  =  (      𝔏  Π  (    (     𝛬 1 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 1 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ) ⊗


   (      𝔏  Π  (    (     𝛬 2 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


   (      𝔏  Π  (    (     𝛬 2 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏 2  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏 2  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏 2 ) )   ⊕  𝜍 = 1 2  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1 2     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1 2     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1 2     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1 2     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1 2     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  𝜚 = 2


  𝜚 = y


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  y ) =  (      𝔏  Π  (   ∏  𝜍 = 1  y     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  𝜚 = y + 1


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  y + 1 ) =  ⊗  𝜍 = 1  y    (   𝛯  𝜏  𝜍 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ⊗    (   𝛯  𝜏  y + 1 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1  y     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ) ⊗    (   𝛯  𝜏  y + 1 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1  y     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ) ⊗    (   𝛯  𝜏  y + 1 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1  y     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ) ⊕  (      𝔏  Π  (    (     𝛬  y + 1 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    (    (  ℜ    𝛯  𝜏  y + 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,    (  ℜ    𝛯  𝜏  y + 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −    ( 1 −   𝔖    𝛯  𝜏  y + 1  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −    ( 1 −   𝔖    𝛯  𝜏  y + 1  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  y + 1 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1  y + 1     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y + 1     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y + 1     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y + 1     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y + 1     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


  =  (      𝔏  Π  (   ∏  𝜍 = 1  y + 1     (     𝛬  𝜍 Π )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  y + 1     (  ℜ    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  y + 1     (  ℜ    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  y + 1     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  y + 1     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  y + 1  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


    𝛯  𝜏  𝜍 =   𝛯  𝜏 =  (   𝔏  𝛬 ,  (  ℜ    𝛯  𝜏  R ,  ℜ    𝛯  𝜏  I ) ,  (   𝔖    𝛯  𝜏  R ,   𝔖    𝛯  𝜏  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =   𝛯  𝜏 .


    𝛯  𝜏  𝜍 ≤     𝛯 #  𝜏  𝜍 , 𝜍 = 1 , 2 , … , 𝜚


    𝔏    𝛬  𝜍 ≤   𝔏    𝛬  𝜍 # ,  ℜ    𝛯  𝜏  𝜍  R ≤    ℜ #    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ≤    ℜ #    𝛯  𝜏  𝜍  I


    𝔖    𝛯  𝜏  𝜍  R ≥     𝔖 #    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ≥     𝔖 #    𝛯  𝜏  𝜍  I


  C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤ C I F L P G  (     𝛯 #  𝜏 1 ,     𝛯 #  𝜏 2 , … ,     𝛯 #  𝜏  𝜚 ) .


    𝛯  𝜏 − =  (   𝔏   min ⁡   (   𝛬  𝜍 ) ,  (  min ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  min ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  max ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  max ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) )


    𝛯  𝜏 + =  (   𝔏   max ⁡   (   𝛬  𝜍 ) ,  (  max ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  max ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  min ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  min ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) ) , 𝜍 = 1 , 2 , … , 𝜚


    𝛯  𝜏 − ≤ C I F L P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤   𝛯  𝜏 + .


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  ⊗  𝜍 = 1  𝜚    (   𝛯  𝜏  𝜍 )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )


     ℌ  𝜍 ̿ ∈  [ 0 , 1 ] ,   ∑  𝜍 = 1  𝜚     ℌ  𝜍 ̿ = 1


  D  (   𝛯  𝜏  𝜍 ,   𝛯  𝜏  𝜄 ) =  (    |   𝛬  𝜍 −   𝛬  𝜄 | Π ) ∗  1 4  (  |  ℜ    𝛯  𝜏  𝜍  R −  ℜ    𝛯  𝜏  𝜄  R | +  |  ℜ    𝛯  𝜏  𝜍  I −  ℜ    𝛯  𝜏  𝜄  I | +  |   𝔖    𝛯  𝜏  𝜍  R −   𝔖    𝛯  𝜏  𝜄  R | +  |   𝔖    𝛯  𝜏  𝜍  I −   𝔖    𝛯  𝜏  𝜄  I | )


  C I F L P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  (      𝔏  Π  (   ∏  𝜍 = 1  𝜚     (     𝛬  𝜍 Π )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,  (   ∏  𝜍 = 1  𝜚     (  ℜ    𝛯  𝜏  𝜍  R )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ,   ∏  𝜍 = 1  𝜚     (  ℜ    𝛯  𝜏  𝜍  I )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) ,    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −   𝔖    𝛯  𝜏  𝜍  R )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) , 1 −   ∏  𝜍 = 1  𝜚     ( 1 −   𝔖    𝛯  𝜏  𝜍  I )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )


    𝛯  𝜏  𝜍 =   𝛯  𝜏 =  (   𝔏  𝛬 ,  (  ℜ    𝛯  𝜏  R ,  ℜ    𝛯  𝜏  I ) ,  (   𝔖    𝛯  𝜏  R ,   𝔖    𝛯  𝜏  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =   𝛯  𝜏 .


    𝛯  𝜏  𝜍 ≤     𝛯 #  𝜏  𝜍 , 𝜍 = 1 , 2 , … , 𝜚


    𝔏    𝛬  𝜍 ≤   𝔏    𝛬  𝜍 # ,  ℜ    𝛯  𝜏  𝜍  R ≤    ℜ #    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ≤    ℜ #    𝛯  𝜏  𝜍  I


    𝔖    𝛯  𝜏  𝜍  R ≥     𝔖 #    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ≥     𝔖 #    𝛯  𝜏  𝜍  I


  C I F L P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤ C I F L P W G  (     𝛯 #  𝜏 1 ,     𝛯 #  𝜏 2 , … ,     𝛯 #  𝜏  𝜚 ) .


    𝛯  𝜏 − =  (   𝔏   min ⁡   (   𝛬  𝜍 ) ,  (  min ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  min ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  max ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  max ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) )


    𝛯  𝜏 + =  (   𝔏   max ⁡   (   𝛬  𝜍 ) ,  (  max ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  max ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  min ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  min ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) ) , 𝜍 = 1 , 2 , … , 𝜚


    𝛯  𝜏 − ≤ C I F L P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤   𝛯  𝜏 + .


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L G P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  1   ℭ  s  (  ⊗  𝜍 = 1  𝜚  ℭ  s    (   𝛯  𝜏  𝜍 )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )


  D  (   𝛯  𝜏  𝜍 ,   𝛯  𝜏  𝜄 ) =  (    |   𝛬  𝜍 −   𝛬  𝜄 | Π ) ∗  1 4  (  |  ℜ    𝛯  𝜏  𝜍  R −  ℜ    𝛯  𝜏  𝜄  R | +  |  ℜ    𝛯  𝜏  𝜍  I −  ℜ    𝛯  𝜏  𝜄  I | +  |   𝔖    𝛯  𝜏  𝜍  R −   𝔖    𝛯  𝜏  𝜄  R | +  |   𝔖    𝛯  𝜏  𝜍  I −   𝔖    𝛯  𝜏  𝜄  I | )


  C I F L G P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  (      𝔏     ( Π  (   ∏  𝜍 = 1  𝜚     (    (     𝛬  𝜍 Π )   ℭ  s )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )   1   ℭ  s ,    ( 1 −    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    ( 1 −  ℜ    𝛯  𝜏  𝜍  R )   ℭ  s )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s , 1 −    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    ( 1 −  ℜ    𝛯  𝜏  𝜍  I )   ℭ  s )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ) ,    (    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    (   𝔖    𝛯  𝜏  𝜍  R )   ℭ  s )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ,    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    (   𝔖    𝛯  𝜏  𝜍  I )   ℭ  s )     ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ) )


    𝛯  𝜏  𝜍 =   𝛯  𝜏 =  (   𝔏  𝛬 ,  (  ℜ    𝛯  𝜏  R ,  ℜ    𝛯  𝜏  I ) ,  (   𝔖    𝛯  𝜏  R ,   𝔖    𝛯  𝜏  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L G P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =   𝛯  𝜏 .


    𝛯  𝜏  𝜍 ≤     𝛯 #  𝜏  𝜍 , 𝜍 = 1 , 2 , … , 𝜚


    𝔏    𝛬  𝜍 ≤   𝔏    𝛬  𝜍 # ,  ℜ    𝛯  𝜏  𝜍  R ≤    ℜ #    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ≤    ℜ #    𝛯  𝜏  𝜍  I


    𝔖    𝛯  𝜏  𝜍  R ≥     𝔖 #    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ≥     𝔖 #    𝛯  𝜏  𝜍  I


  C I F L G P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤ C I F L G P G  (     𝛯 #  𝜏 1 ,     𝛯 #  𝜏 2 , … ,     𝛯 #  𝜏  𝜚 ) .


    𝛯  𝜏 − =  (   𝔏   min ⁡   (   𝛬  𝜍 ) ,  (  min ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  min ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  max ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  max ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) )


    𝛯  𝜏 + =  (   𝔏   max ⁡   (   𝛬  𝜍 ) ,  (  max ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  max ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  min ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  min ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) ) , 𝜍 = 1 , 2 , … , 𝜚


    𝛯  𝜏 − ≤ C I F L G P G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤   𝛯  𝜏 + .


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L G P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  1   ℭ  s  (  ⊗  𝜍 = 1  𝜚  ℭ  s    (   𝛯  𝜏  𝜍 )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )


     ℌ  𝜍 ̿ ∈  [ 0 , 1 ] ,   ∑  𝜍 = 1  𝜚     ℌ  𝜍 ̿ = 1


  D  (   𝛯  𝜏  𝜍 ,   𝛯  𝜏  𝜄 ) =  (    |   𝛬  𝜍 −   𝛬  𝜄 | Π ) ∗  1 4  (  |  ℜ    𝛯  𝜏  𝜍  R −  ℜ    𝛯  𝜏  𝜄  R | +  |  ℜ    𝛯  𝜏  𝜍  I −  ℜ    𝛯  𝜏  𝜄  I | +  |   𝔖    𝛯  𝜏  𝜍  R −   𝔖    𝛯  𝜏  𝜄  R | +  |   𝔖    𝛯  𝜏  𝜍  I −   𝔖    𝛯  𝜏  𝜄  I | )


  C I F L G P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =  (      𝔏     ( Π  (   ∏  𝜍 = 1  𝜚     (    (     𝛬  𝜍 Π )   ℭ  s )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) ) )   1   ℭ  s ,    ( 1 −    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    ( 1 −  ℜ    𝛯  𝜏  𝜍  R )   ℭ  s )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s , 1 −    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    ( 1 −  ℜ    𝛯  𝜏  𝜍  I )   ℭ  s )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ) ,    (    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    (   𝔖    𝛯  𝜏  𝜍  R )   ℭ  s )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ,    ( 1 −   ∏  𝜍 = 1  𝜚     ( 1 −    (   𝔖    𝛯  𝜏  𝜍  I )   ℭ  s )       ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) )   ⊕  𝜍 = 1  𝜚    ℌ  𝜍 ̿  ( 1 +     𝛷 ̿  Z  (   𝛯  𝜏  𝜍 ) ) )   1   ℭ  s ) )


    𝛯  𝜏  𝜍 =   𝛯  𝜏 =  (   𝔏  𝛬 ,  (  ℜ    𝛯  𝜏  R ,  ℜ    𝛯  𝜏  I ) ,  (   𝔖    𝛯  𝜏  R ,   𝔖    𝛯  𝜏  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  C I F L G P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) =   𝛯  𝜏 .


    𝛯  𝜏  𝜍 ≤     𝛯 #  𝜏  𝜍 , 𝜍 = 1 , 2 , … , 𝜚


    𝔏    𝛬  𝜍 ≤   𝔏    𝛬  𝜍 # ,  ℜ    𝛯  𝜏  𝜍  R ≤    ℜ #    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ≤    ℜ #    𝛯  𝜏  𝜍  I


    𝔖    𝛯  𝜏  𝜍  R ≥     𝔖 #    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ≥     𝔖 #    𝛯  𝜏  𝜍  I


  C I F L G P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤ C I F L G P W G  (     𝛯 #  𝜏 1 ,     𝛯 #  𝜏 2 , … ,     𝛯 #  𝜏  𝜚 ) .


    𝛯  𝜏 − =  (   𝔏   min ⁡   (   𝛬  𝜍 ) ,  (  min ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  min ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  max ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  max ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) )


    𝛯  𝜏 + =  (   𝔏   max ⁡   (   𝛬  𝜍 ) ,  (  max ⁡   (  ℜ    𝛯  𝜏  𝜍  R ) ,  max ⁡   (  ℜ    𝛯  𝜏  𝜍  I ) ) ,  (  min ⁡   (   𝔖    𝛯  𝜏  𝜍  R ) ,  min ⁡   (   𝔖    𝛯  𝜏  𝜍  I ) ) ) , 𝜍 = 1 , 2 , … , 𝜚


    𝛯  𝜏 − ≤ C I F L G P W G  (   𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚 ) ≤   𝛯  𝜏 + .


    𝛯  𝜏 1 ,   𝛯  𝜏 2 , … ,   𝛯  𝜏  𝜚


    𝛯  A T 1 ,   𝛯  A T 2 , … ,   𝛯  A T  m


     ℌ  𝜍 ̿ ∈  [ 0 , 1 ] ,   ∑  𝜍 = 1  𝜚     ℌ  𝜍 ̿ = 1


    𝔏  𝛬  ( 𝔵 ) ∈     𝒮 ¨   [ 0 ,   Π ] =  {   𝓈 ℓ : ℓ ∈ R }


   ℜ    𝛯  𝜏  R ,   𝔖    𝛯  𝜏  R ,  ℜ    𝛯  𝜏  I ,   𝔖    𝛯  𝜏  I : 𝔛 →  [ 0 , 1 ]


  0 ≤  ℜ    𝛯  𝜏  R  ( 𝔵 ) +   𝔖    𝛯  𝜏  R  ( 𝔵 ) ≤ 1


  0 ≤  ℜ    𝛯  𝜏  I  ( 𝔵 ) +   𝔖    𝛯  𝜏  I  ( 𝔵 ) ≤ 1


   ℛ    𝛯  𝜏  ( 𝔵 ) =  (  ℛ    𝛯  𝜏  R  ( 𝔵 ) ,  ℛ    𝛯  𝜏  I  ( 𝔵 ) ) =  ( 1 −  (  ℜ    𝛯  𝜏  R  ( 𝔵 ) +   𝔖    𝛯  𝜏  R  ( 𝔵 ) ) , 1 −  (  ℜ    𝛯  𝜏  I  ( 𝔵 ) +   𝔖    𝛯  𝜏  I  ( 𝔵 ) ) )


    𝛯  𝜏  𝜍 =  (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ) , 𝜍 = 1 , 2 , … , 𝜚


  N =  {     (   𝔏    𝛬  𝜍 ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) )  b e 𝜚 e f 𝜄 t s    (   𝔏    𝛬  𝜍 ,  (   𝔖    𝛯  𝜏  𝜍  R ,   𝔖    𝛯  𝜏  𝜍  I ) ,  (  ℜ    𝛯  𝜏  𝜍  R ,  ℜ    𝛯  𝜏  𝜍  I ) )  c o s t
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