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Multi-criteria decision-making (MCDM) has become a critical tool for addressing
real-world decision-making problems under uncertainty. Classical extensions of
fuzzy sets (FSs), such as hesitant fuzzy sets (HFS) and complex hesitant fuzzy sets
(CHFS), provide a flexible framework for modelling expert judgment ambiguity.
Nevertheless, none of the aggregation operators (AOs) for Hamacher t-norms and
t-conorms have been developed within the CHFS framework, thereby limiting
their theoretical richness and practical use. To fill this void, this paper presents
Hamacher AOs in the framework of CHFS that are complex hesitant fuzzy (CHF)
Hamacher weighted averaging (CHFHWA) operator, CHF Hamacher weighted
geometric (CHFHWG) operator, and their generalizations (generalized CHFHWA
and generalized CHFHWG). Moreover, a systematic MCDM approach is developed
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using newly defined operators to address complex decision problems with
multiple and hesitant criteria. The practical applicability and efficiency of the
proposed approach are illustrated by a real-life inspired numerical example of
student scholarship selection. The comparative analysis with existing models
shows that the proposed operators not only increase the flexibility of information

aggregation but also improve decision-making accuracy and robustness.

1. Introduction

Recently, MCDM has become more visible as a decision-making approach [1, 3]. This comes with
its own challenges: the aggregation functions are vital for making accurate choices, but they often
prove an obstacle. Different theories of decision making, such as Zadeh’s fuzzy set (FS) theory [4] or
its higher order augmentations, such as interval-valued fuzzy sets (IVFSs) [5], and other more
generalized approaches, such as intuitionistic fuzzy set (IFS) theory [6] and IVIFSs theory [7], may
produce different effects. However, the persistence of a single membership grade and a non-
membership grade may be seen as a limitation of these theories.
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This problem was successfully solved by Torra and Narukawa [8] after they were introduced to
the hesitant fuzzy set (HFS) theory, which allows multiple membership degrees to be assigned to
elements. Consequently, this reduced or even eliminated uncertainty regarding expert preferences
[8, 9], allowing each expert to rely on his or her own grading in the decision-making process. An
essential contribution was also made by Xia and Xu [10], who defined weighted averaging/geometric
AOs within the framework of HFS. These operators were used to solve decision-making concerns. In
addition, Xia and Xu [11] build on the distance and similarity measures presented in their previous
work and also include weighted distance and weighted similarity measures for HFSs. On top of that,
Xia et al. [12] expanded the range of studies to include techniques aimed at aggregation operators
(AOs) for group decision making in the HFS context. Wei [13] also advanced the field further by
showing MCDM for HFS in the form of focused aggregation operators [14, 15]. Zhu et al. [16] first
described the Bonferroni operator, as well as the weighted Bonferroni operator that relates to it.
Senapati et al. [17] introduced novel Aczel-Alsina operations-based hesitant fuzzy aggregation
operators and their applications in cyclone disaster assessment. In succession, Zhang [18] dealt with
a range of hesitant fuzzy (HF) power AOs: these included the HF power weighted averaging and
geometric operators, the generalized HF power weighted averaging and geometric operators, all of
which are suited for dealing with MCGDM dilemmas.

Further, Beliakov et al. [19] proposed an Archimedean norm function, and this was later
suggested by Xia et al. [20]. They used them in their work on IFS and intuitionistic fuzzy weighted
operators. Papers by Yu [21] focused on generalized attention, focusing on generalized operators
supported by Archimedean norms. Tan et al. [22] proposed the weighted quasi-weight and hybrid-
weight approaches for using Archimedean norms, but encountered some setbacks. These efforts
have been complemented by the work of Wang and Liu [23, 24], who proposed intuitive fuzzy Einstein
AOs, and by Zhao and Wei, who developed hybrid Einstein aggregation operators for IFSs in MCDM
[25]. However, these operators only offered one membership value and a non-membership degree.
To address this issue, Yu [26] has advanced the study of the Einstein norms of HFSs. Hamacher [27]
proposed another type of t-norms and t-conorm called Hamacher t-norms and t-conorm. As the
generalization of the algebraic product and sum, and Einstein t-conorm and t-norm is more general
and more flexible [27].

Tan et al. [28] made significant inroads by using the Hamacher t-norm and t-conorm for HFS,
making it easier for decision-makers to define the most important attributes in MCDM. The
introduction of the Hamacher t-norm and t-conorm for HFS fostered further advancement, including
the development of the complex fuzzy set (CFS) by Ramot et al. [29], who proposed a two-
dimensional polar representation for MCDM. Mahmood et al. [30] generalized HFSs and their
applications using exponential and non-exponential similarity measures. Ali et al. [31] proposed
selecting Industry 4.0 technologies using Aczel-Alsina information based on circular bipolar complex
fuzzy uncertainty. The polar orientation of CFS provided the membership values narrowly limited to
the unit circle of the complex plane, but Tamir et al. [32] circumvent this limitation in their work by
presenting CFS in a Cartesian system, defined by the fact that the member values are within a square
placed in the complex plane. Such a formal construction is said to be more elegant and easier to use
in complex data architectural manipulations. Yazdanbakhsh and Dick [33] reviewed the literature on
CFS and reasoning, and Garg et al. [34] discussed the structural representation of the theory of
complex hesitant fuzzy sets (CHFS) in polar coordinates, which enhances the quality and reliability of
several criteria decision-making for complex and fuzzy information. After that, Albaity et al. [35]
devised the theory of CHFS in Cartesian form, in which they replace the concept of the unit circle by
the unit square.
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1.1. Motivation and contribution

CHFS has become a powerful mathematical tool for managing uncertainty and ambiguity in
complex decision-making situations in the fast-moving field of fuzzy set (FS) theory and its
applications. Nevertheless, despite major theoretical progress in this field, there remains a serious
research gap: no aggregation operators (AOs) grounded in the Hamacher t-norm and t-conorm have
been developed for CHFS. This inherent constraint poses a significant challenge to the practical
application and theoretical development of CHFS. The lack of Hamacher-based AOs in the CHFS
framework poses several serious challenges. First of all, it does not allow for the successful
aggregation of information stored in CHFSs in accordance with the established Hamacher operational
principles. This limitation is a serious constraint on researchers' and practitioners' capacity to
simultaneously exploit the computational and theoretical benefits of both CHFS and the strong
mathematical properties of Hamacher t-norms and t-conorms. The Hamacher operations are
especially appreciated for their flexibility, mathematical elegance, and better performance in
handling different kinds of uncertain information, so their absence in CHFS is a significant theoretical
and practical weakness. Recognizing this important gap in the current literature, there is a strong and
pressing need to develop advanced AOs within the CHFS framework that are essentially based on
Hamacher t-norm and t-conorm principles. This development would not only fill the current gap in
theory but also open new opportunities to improve decision-making in complex, uncertain
environments.

To address this important research problem systematically and make a valuable contribution to
the development of FS theory, this article proposes a comprehensive set of novel operators. In
particular, we define and rigorously develop the CHFHWA and CHFHWG operators, and their
generalized versions: the generalized CHFHWA (GCHFHWA) operator and the generalized CHFHWG
operator. All these operators are designed with care to preserve the mathematical rigor desired in
FS theory while also offering the unique benefits of Hamacher operations. It is based on the
theoretical framework developed using these newly created AOs, and this article then presents a
detailed and strong multi-criteria decision-making (MCDM) methodology. The methodology is a
clever application of the recently developed Hamacher-based AOs to solve complex decision-making
problems characterized by numerous conflicting criteria and high uncertainty. To demonstrate the
practicality and computational efficiency of our proposed approach, we present a comprehensive
numerical example that illustrates its step-by-step implementation in a real-life decision-making
context.

Moreover, to demonstrate the credibility and excellence of our offered work, we conduct a
comprehensive comparative analysis with approaches and methodologies reported in the literature.
This detailed comparison not only reveals the unique benefits and improved performance features
of our suggested operators but also shows that they can be practically applied to various decision-
making situations. The comparative analysis is used to place our contribution in the broader context
of fuzzy set theory and multi-criteria decision-making studies, thereby defining its relevance and
potential for future development in this area.

1.2. Framework of the manuscript
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In Section 2, we revise a few fundamental theories that help us develop new theories. In Section
3, we devise AOs within the CHFS framework, namely CHFHWA, CHFHWG, GCHFHWA, and
GCHFHWG, and discuss related results. In this section, we interpret an MADM approach and then
discuss a numerical problem using it. In the section, we have a comparison, and in section 6, we have
a conclusion.

2. Preliminaries

In this section, we revise a few fundamental concepts related to the work presented here.

Definition 1: [35] A mathematical form of CHFS 7 on X is w = {(é, l_in(é)) |§e§}, where 0,,(8) =
{)Z(—;(é) + izﬁ(é)}, is the subset of complex values, and also both Xﬁ(é), Z—;(é) belongs to the unit

square in the complex plane and U, (&) demonstrating the truth grade for & € X. We use U,,(8) = O
as a CHF element (CHFE), and to C as the set of all HFEs.

Definition 2: [35] For given two CHFEs U,and U,, their fundamental operations are defined and
denoted as follows:

1. 0, = Uss, 25,0, {(1 = ¥o,) + 4(1 = ¥o,)}
2. 0,uD, = U%l'zﬁld—jﬂﬁzlzﬁzeﬁz{max()a—;l,)Zz—jz) + imax(Zs,, Zs,) }
3. 0,n0, = U)?Gl,zz_jld—jl%zzﬁzeﬁz{min(;z(—jl, ¥s,) +imin(Zs,, Z,)}

Definition 3: [27] Let ) be a parameter greater than zero §,¢e[0, 1], the Hamacher t-norm and t-

~H - és
I (é’g)_3+(1—3)(é+£_é£)

conorm are revealed as

;A >0,

and
u St —5¢—(1-Nég

Definition 4: For a CHFEs U, the score function is defined and denoted as:

where V(Z_J), total number of elements in U. Ranking of two CHFEs, relates to the score function, if
5(0,) > s(0,), thenD; > Uy; ifs(U;) = 5(0,), then U; = U,.

Definition 5: For U, 1_51 and Z_Jz,are three CHFE's and parameter 2 > 0, the basic operations on CHFEs
by employing the Hamacher t-norm and t-conorm, are devised as

1. 0,040, =

U oo (7@1+7a—;2—71—;1.7@2—(1—1)7(51.;752)+ ‘(zﬁl%z—zﬁl.zﬁz—(l—z)zﬁl.zﬁz)
X525, €01.X5,L5,€02 1‘(1‘1)7{1‘51-762 1‘(1‘3)21‘51-21‘52
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2. 61@}162 =

U o o AT, XD, +4 ZU1 Lz,
)(61'261601')(62'2626Uz 3+(1—3)(751+752_751'752) 3+(1—J)(261+Z(—52—Zl—51.252)

N ﬂzui_zﬁd_j{( (1+0-x) - (1-7p)’ )+ (1+0-175)' - (1-7)’ )} 150

(1+G-D¥5) +6-1(1-%5)" (1+0-175) +0-1)(1-Z5)"

. 5 = Ue o n l()?f;): +4 J(zﬁ): ,7>0
UXU'ZUEU{<(1+<z—1)(1—7cu)) +(l—1)(7fu)7> 4((“0-1)(1-20)) +0-D)(Z)’

Proposition 1. For the three CHFESs, we have followings results:
1. 0;° ®40;" = (01®40,)°

2. 7(0°) = (0N ,7>0

3. (UC )= (70)6 7> 0;

4. U1 @Dy0;° = (010x0,)°

1. 6‘10.@}16‘10. =

((1 »(1-%5, ) (1- XUz (1 »(1-75,)(1 ZUZ)) |

1-(1-9(1- Xul)(l %5,) / \ 1-(1- J)(1 Z5,)(1-Z5,)

UT((—;l,z(—;l 61_51,7(1—;2 ,Z(yz €0,

/((1—701)+(1—7ﬁ;2) (1-7s, )(1- XUz \ / 1 ZUl +(1-7g,)- (1—201).(1—202))\l
)

¥, + ¥, — Xo,-Xo, + D1 — ¥5,)(1 — ¥5,)

J ( X5, +XUZ+(3)(1 XUl)(l XUl l

-4

s - + + M)(1- 1-
X5,L5,€01.X5,L5,€02 L‘I'/L( ZUl ZU ( )( ZUl)( ZUZ |

Zs, + I, — I5,- Ts, + D(1 - Zg,)- (1 — Z,) )

<1 B ( X6, X0, ))
U Y+ 1 -, + ¥o, — Xo,-X5,)
75. €01,%5.,.Z5, €02 | +4 1—< Loy 20,

X5. L5, €01, X5, L5, €0 — — — —
R 3+ (1 -2 (Zg, + 7o, —21‘51-262)>

= (0,040,)°
( (1-%5,)(1%s,)
e . 2+ (1-0(1-7g, )+(1-%o, )~ (1-Zo, ) (1-%s, )
2. O1 ®u01 = Uy, 75,0170, 75,0 , 1 (17, )(1-75,) 1
<J+<1 D(1-Zul)+(1-%2)-(l-zul)(1-202)>
_ U {(1—)&—;1 - Xv, +)?T51-)?1‘52>+/i<1—zl‘51 ~ 7z, +zﬁl-zz‘sz>}
U 1- (1 =Yg, ¥, 1-(1-3Zp,. Zs,

X5,25,€01.X5,/25,€02

( 1 <X~t_51 + Xv, — Xo,- X5, — (1 — J))?m-)?@) )
1 - (1 - J)Xﬁl'iﬁz

= U < ~ _ ~ _ _ -
7(51’21—51661,7(52‘2'(—52662 +4i| 1— Zl_jl * ZI_JZ _ Zﬁl. ZI_JZ j (1.._ J)Zﬁl Zl_jz
L 1- (1 -3Zg,. 75,

J
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= (61®H62)C'
(1+(1_1)(1—)~(6))7_()~(6)7 >+¢<( (1+(1—:«)(1—25))7—(25)T )}

1+(1—:«)(1—555))1(1—:«)(;73)T 1+(1—:«)(1—25))-‘+(1—J)(Zﬁ)7

1 ( o)’ >
(1+A-NA-70) + A - NGy

) YUQEU< +i /1 - ( 3(Z)' )\
\ (1 +(1-»(1- Za))7 +(1-0(Z)'
— (67)0'

4. ) = Uso 5.7 1(1—7)76)7 4 1(1—726)1
. UXU'ZUEU{((““‘”(YU)) +1-0(1-7g)’ ‘ (1+1-9(Zp)) +1-»(1-Z5)'
(1_ (1+@-NGEw) - A - 1) >

(1+@-NUp) + @ - - f)7
(1+QA-27) -(1-7Z) >
(1+A-27Z) +@-3(1-Z)

3. (60) = U%@,Zﬁel_}{((

¥5:L5€0 +4 (1 _

= (10)°

3. Hamacher AOs within Complex Hesitant Fuzzy framework

In this section, we interpret CHFHWA, GCHFHWA, CHFHWG and GCHFHWG operators.

Definition 6: Let 1 = {U4, U5, ..., U}, be the set of CHFEs such that its cardinality is equal to °F, f is
a mappingonm, f:— [0,1],then
fTL’ = U%ﬁ,iﬁe{ﬁlxﬁzx...Xﬁop}{f()(’v)}'
Definition 7: Suppose 7 be a set of n CHFESs, such that m = (04,05, ..., Uez). An CHFHW A operator
is a function C’F — C Such that
°F
CHFHWA;(U4, 03, ..., Uop) = 01010 w, 0,0y - @y @rUr = @n w0,
(=1
Where the parameter 13, should be a positive number with the weight vector o =

T
(091, Wy, e, (gop) , Wwhose each weight for each argument belongs to unit interval and the sum of all

weights must be equal to the one ( lil ay = 1).

Theorem 1. Let m = (U4, 0,, ..., Oep), consist of CHFEs, nonetheless the aggregated outcome by
employing CHFHW A operatorisa CHFN, and
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CHFHWA, (04,0, ..., Oep)

( M (14 G- Vg, ) 117 (1 - 75, )
) ¥ M (1+6- Do)~ +6G- DI, (1- 75,)™

7{1—51,21—5161_51,...,)76017,230}:6(_501: . < H(;'F:l (1 + (l - 1)26{)2{ - HO(F::L (1 - 265)25 )
T = SENCTS ; — %
M (14 G- DZg, ) + G- DI (1- 7, )
Proof: We will proceed this proof by using mathematical induction on °F, as follows:
Clearly true for °F = 1.

Let us suppose Eq. (1) stands for °F = £, that is
CHFHWA,(04,0,,..,0;) =

ngigl(uu—1)73<)%—H§‘=1(1—75()% ) .\ ¢< n;'i;l(1+(z—1)25<)%—r14§=1(1_255)9Z )}
*(\(1+0-0xg {)%m— DL, (1% ()% ey (1+6-17g <)9<+(z—1) Mé. (17 5)%
Now for °F = £ + 1, from Definition 6 and Definition 4. We get

CHFHWA;(01,02, ., 0j11) = 9101 @020y - ©pwi0,@n 04410441
= CHFEWA,(01, 02, ., U4)®1w 4110441

(( n§=1(1+0—1)7(65)2{‘H?=1<1_76<)2( )\
7

) ~ \¥%¢ ; ~ \2
My (1+0-D%g, ) +0-D 1L (1-%5,)
e Uj'(z—j z EU]_ )(l—;j&,zl—;j&e"(_j& . ) X >®H

+’i< 'H?=1(1+(1—1)255)—5—%:1(1—23{)% 5)
L\ J

k=1(1+(3—1)21—5<)%+(1—1) M- (1—26()2
( I'[l‘+1(1+(l—1)7(% )_la+1 H (

£+l = 2f+1
1+0-D¥5 . )
H ( ( )XUI’Hl

—~—

(€Y)

)%H !
k+1

+(-1 "”1(1:—
( )T XUI&+1

)%+1

"

Uss, Z5, €015 25 . €Dy
X050, €01 XT, 5T, L Rt

H"+1(1+(J—1)Z%+1)%+1—H-’i (17

~ B
Hk+1(1+(3_1)zﬁj&+l)_&+1

)%H
Uf41

+4
+O-1) n’a+1(1 75

)_/i+1

\ ht1 y,

Let p1 = H?—l (1 +0- 1))71_%)%’61 - H?ﬂ (1 _)Zﬁc') B2 = Hkﬂ (1 t@-

- Dh+1 Dst1
Dis,,,) andd; =T1¢ (1-70,,,)”
3

0.~ [(1+6-02) o =] (1-70,)%

¢=1 =

(1 +0- Dz@m)%ﬂ P2 = 1_[

1 ¢=1

S
Juy

+

0,

N
I

Then Eq. (1) becomes

o —61 . P1-p1 o, = P28
CHFHWA,(0,0y,...,0,34) = ﬁ1+(l o P ioaes A 9400k = 5an

92—p>
9+(-1)p;
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o = o= = = -8
By Definition 4, we get CHFHWA,(U4,0,, ...,U,%)EBHQ,%HU%H = Blﬁl(l——lm
91-p1 B2—6; 92—p2
91+0-1)p1 H B, +G-18; 9,+(-1)p;
( B1— 61 +i Y1 —p1 )
B+ Q- 1)51 "9+ (G- Dp,
B2 — +4 U, — Py .
ﬁz +(0- 1)52 v+ (= 1)p,
B1 — +4 Y1 —p1
Br+(0O— 1)51 191 + (A —1)p;
B2 — +4 Y, — Py
_ U ) “B + G- 1)52 "9, +G-Dp, [
e G —1) B1 — + i Y1 —p1
X525, €01 X5 5, €0 B1 + (3 - 1)51 U1+ Q- 1py
Bs — +i U, — P
,32 +(0 - 1)52 v+ 0 —1Dp,
B1— 61 : Y1 —p1
1-G-Dg +o—1wl+¢m+wm—nm
B2 — +4 U, — Py
\ ﬁz + (- 1)62 192 + (G —-1p, J
( 2

M (1+ G- Drg,)” -5 (1 - 7o,)

i (1+0- Vs, )
M1+ G-1

X5,L5,€01,-X5, L5 ,€0,
X6,25,€01-X5,; , 25, €041 i

+ G- DI (1-

Zﬁz)_

— H&H (1 — Zﬁz)

9
7o)

4

\ 1—[/6+1 (1 +0- 1)21—54_) +(-1) H’“l (1 - 2@)

4

"

From above it is clear that Eq. (1), stands for °F = 4 + 1. Thus Eq. (1), stands for all °F.
Remark 1. By letting 2 = 1, the CHFHW A operator will be converted in the shape, given below

°F
© w9l
(=1

U

X0, /25, €01 X Gop Loop €0°F

CHFWAQ(I_)':[, 62, ey 6°F) =

(11

will be is converted in the shape below
°F
CHFEWAQ(K_jl,l_jz, ...,l_joF) = 56519(6(

¢ ME, (1 _ )Zz—;{)%> )

{(H{ 1 (1 +XU¢)
7(01 Zvleﬁl XGe FZU FEK_J F HEF 1 (1 + )266)2( + HZF 1 (1 — )Z-(—;{)Q{

(1- ;zag)gj +i (1 - 1_L=1

which is named as CHF weighted averaging (CHFHW A) operator. If X = 2, the CHFHW A operator

°F

(1 - zﬁc)%»

i(n?ll (1 + Z—;{)

M (1+75,)" +H¢1 (1- zUZ

Which is named as CHF Einstein weighted averaging (CHFEWA) operator. Moreover,

11

(5

. ,iF) , then the CHFHW A operator will be converted in the shape, given below
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CHFHA(U4,0,, ..., Oop)

=~
_—

( oF = °F >
M8 (1+ 0 - D, )T~ 1 (1 - 70,)
T 1
I (1 +0- 1)X6<)OF +0- DI, (1 - )?T’z)OF
X525, €01 X0 Lp €0°F [JF (1 +(- 1)2&)% ~ e (1 _ Zz—;z)%
+1 1 =
& L (1+0-D7Zg) +0-DITE, (1-Z5)" )

o

Named as CHF Hamacher averaging (CHFHA) operator.
_ o °F _ °F ¥ °F
Lemma 1. Let ég, >0, Wz > 0,(=1,2,..,°F, and Z{=19{ =1, then H§~=1 (éz) < Z(=195§€_,
with equality ifand only if &, = &, =, .., 4.
Proposition 2. Let us suppose = (U3, Uy, ..., Up), be a set of °F CHFEs and the weight vector

_ T
of U,((=1,2..,°F)is W= (91,92, ---»901:) . Whose weights each belong to the unit interval, and

the sum of weights must be equal to one (Z§£1®'c= 1).Then CHFHWA,(04,0,, ..., 0) <
CHFHA(D,, T, ..., D).
Proof: Let 5., Z5, €04, ..., ¥o..» Li., €O, from previous Lemma 1. Form a well-known result if Uy

and U, are complex numbers then Uy < U, iff 75, < ¥5, and Zg, < Zg, . We have
°F

[[G@+6-08)" +6-1 H; (1-15,)" < Z; 0 (1+06-Dg,) + G- 1)211 ¢ (1+75,)

Then
M (1+ G- g, - M (1 - 75,) L M (1 - 70,)”
ML, (1+G-Dig,)” +0-DIE (1-15,) M (1+06-Di,)” +0-DIE, (1-15,)
W
M (1= )
<1-

b)
. o\

Now for the complex part
°F

[[G+o-vm) +a-0[] (1-2)" <) o1+6-02)+6-1)  oc(1+%)

T(htn
M, (1 +0- 1)21—55)QZ ~ 174 (1 — Zaz)% L My (1 - Zﬁg)%
M, (1+0-D7)  +0-DIE (1-%,)" ML (1+06-D75)" +6- DI (1-75,)”
by J FiY (1 - Zﬁ()% °F N
s1- 3 :1_1_[@1(1_265)
OF OF
= @Oy 90, < & 00,
(=1"  ¢=1"
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That is
CHFHWA;(I_Jl, 1_52, ...,l_FoF) < CHFHA(I_Sl, 1_52, . l_SoF).

Proposition 3. Let us suppose = (U1, Uy, ..., Up), be a set of °F CHFEs, if all 0,({ = 1,2,..,°F)
are equal, i.e., U; = U then
CHFHWA}(I_}]_, 62, ey 60}:‘) == l_j

Proof: Suppose U; = U, forall{ = 1,2,..,°F, then we have

CHFHWA,(04,0,, ..., Oog) = CHFHWA, (U, T, ..., D)
Y {( (1 + G - DEe) — 151 - D% )} U {( M (1 + 0 = DZg)™ — (1 - 7)™ )}
0 Z5€0

7L+ 0= Drp)2 + 0= DI (L - 7p)¥ M1+ 0-DZg)™ + 0 - DL, (1 - Z5)™

X5€0

U {( (1+0-Dip) XL 9 — (1 - 7o) Xty ¢ )
w2\ + G = Do) Xy o + 0= D~ 7o) By 9
= Uj{ﬁ,iﬁeﬁ{v} =0.

Definition 8: Let us suppose ™ = (U4, Uy, ..., Usp), be the set of °F CHFEs. A CHFHWG operator is a
function CF — C Such that

’ U {( (1+G-DZ5) Xl 9¢ — (1 - Zo) Xty ¢ )}

2\ + G- DZg) 3 00+ G- D - 7o) 3L 0

°F
CHFHWG,(T1,05, ..., Uep) = U1 ' ®y 0, ®p .. ®Up=" = ®Qy 0=,
(=1

Where the parameter 3 must be a positive number and the w is weight vector on_F(((z

T
1,2..,°F),ispy = (091, Wy, ey a)oF) .Whose each weight for every argument belongs to unit interval
and ( 5512? = 1).

Theorem 2. Let m = (U4, U,, ..., Uep), consist of CHFESs, nonetheless the aggregated outcome by
employing CHFHW G operatorisa CHFN, and
CHFHWGJ(I_)‘]_, 62, ey l_jol:) =

( )

: H2F=1<7‘ ﬁc)%

. 9 ) 2

Uk, 70, €0 T T €0 ) o0 > (2)
i A Hfil(zﬁz)_

+1 ™

\ H}F=1(1+(1—1)(1—21?())%)'0_1) H2F=1(zﬁz)_ J

Proof: The proof is straightforward.
Remark 2. By considering 3 = 1, then the CHFHW G operator will be converted in the shape, given
below

oF °F °F
CHFWG,(T1, Ty, ..., Top) = ®p 0% = U {H (;a—;()95 +i H (Zﬁg)%}
¢=1 X5, 75, €01 K00 L5 €05 *S=1 =1
Which is named as CHFW G operator. If 3 = 2, then the CHFHW G operator will be converted
in the shape, given below
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°F
CHFWG, (D1, 0y, ..., 0p) = ®p T
(=1

_ U {( 2 H2F=1 fﬁg)% ) + 43< 2 H2F=1 (ZTJ()% >}
%o, 75,015 Zpe0 (\IIg=1 (2 - )?ﬁg)% + 1172 ()?T}()% M=y (2 - Zﬁg)% +11:% (zﬁg)% ‘

Which is named as CHF Einstein weighted geometric (CHFEWG). Particularly, if w

T
11 1 : i i w
(OF'OF’ . --;;) , then the CHFHW G operator will be converted in the shape, given belo
CHFHA(U4,0,, ..., Usp)

[ury

1 1
M (1+ G- Do) - (1 - 7o)

1
F

1
_ i M (1+6- Do) +0- DIE, (1 - Zv,)

1 1
X5125, €01 X0ep Lo €0°F Hzel (1 +0G- 1)25<)0F B HOZF=1 (1 - Zﬁ()OF
+i
1

|~

o

]

M (1+6-1DZg) " + G- DI, (1-7Z,)

Known as CHF Hamacher geometric (CHFHG) operator.

Proposition 4. Let us suppose T = (U1, Uy, ..., Usg), be a set of °F CHFESs and the weight vector a

_ T
of Ug(( =1,2..,°F)is W= (91,22, ...,QDF) . Whose each weight belongs to unit interval and the

sum of weights must be equal to one (Z}El oy = 1).Then

OF . oF c
1. @H (l)zﬁzc = ( ®H 6{2<>
(=1 {= ‘
oF . U){ oF c
2 e (o) =( & %W)
(=1 (=1
Proof:
OF ‘
1 ®H (1)(0(6

My, (1 +0-1)(1- ;zl—;()f( o ) (fﬁz)%
M, <1 +0-1) (1 - )?65))% +0-DII, (iﬁz)%

o ~ 9¢ ok (s \9¢
X512 €010 Xop Lo €0°F i H{le (1 +0-1) (1 Ay ) - H(F=1 (ZTJ{)

1 —
U N7 (14 G- D (1-75,)) " +6 - DML (7,)"

5\
)
4

0
)2 +G- DI, (ZG()%

7{512{;1 651,--,)735F,230F650F 2 H(:1 (
+il 1—

Iy, (1 +0-1)(1-Z,
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24

MIE (1- 73,)

_ ¥ |\ (1+a- Dis,) " +0-DIE, (1-7s,)
y M (125, )

[\ (1+6- 0% +0-DIE, (1-25,)%))

( M (14 G- (7))~ T (1= 20,

IE (14 6- D7) +0- DI, (1 - 75,)

0,25, €01 T L0y €05 I (1 +0-1) (Zﬁg)f{ ~IE (1 -Zs,)

+if 1-— —a; - -
[JE (1 +(0- 1)21—;5)— +0 - DI, (1 - Zaz)

W

¢

4

J
¢

OF 3
:< @1—1 9{0() .
(=1

Proposition 5. Llet us suppose m = (0,0, ..,05), be a set of °F CHFEs.
0~ =min{)25{_|)21—;{_61_55_} + 4min {Zl—;;ﬁ(—;{_d_}{} and ot =min{)a—;(+|)25{+el_5(+} +
. . (s tm o=+
/Lmln{Z(—jz |Z(—5< €U¢ }then ~ o ~ ~

0~ < HFHWA,(D,,D,, ..., Do) < U+

Proof: Let f(é) _ 1+(J_&1)6 5¢[0,1), then f(é) — <1+§3_—;)é) =0 6)2 > 0, thus f(é) is an ascending

function. Since for all ¢, ¥5,” + Z—;{_ < Xo, + ZB{ < )?z‘;( + Z(‘){+ = f<)a_5(_ + Zz—fz ) < f()?z‘;z +
~ - ~ + ) ~ - ~ 5 - 3 ~
Z(—jz) < f()(ﬁ; + Z(—jz ) For this, we have to prove that, Yo, = )(z—;g.Zz—;{ < Z'(_jzand)(ﬁz <
X, Lo, < Iy,
1+0-Djis, 1+0-Dig, 1+0-1Zg, Lt (G- 1)Zu<
<

1-%, ~— 1-Xo and 1-75, 1-7Zg
¢ 4 ¢ 4
Now we have
(1 +0 - 1)21—;(‘)% - <1 +0- 1)ng 2 i 1+ (1 1) Zg, ) > - (1 +0- 1)Za<>§‘
1- Xo, B 1- X, Zug B 1- ZG(

<1+ X 7o,” >9<<<1+(J—1)xu¢ 9 e zzU{ 9<< 1+0- 17, \%
@ f — — — — - Y=

o l_[ ( 3 s, >9< 3 1_[°F <1 + QG- 1))(0() andl_[ °F ; Zu< 92 3 Hap 14+ 0 —~1)Zl—;{ Ll
7=1 1- Xz, IR N Y] 1- g, 1 - ZU< I g ¥ 1-Zg,

Using lemma 1, where 25111 w; = 1,50
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s, \% Fo1+ (- 1);21—;()% 1+0- 1)205
|11+ - <~ - < —_— = and 1+
( 1- Xz, ) 1_[5:1( 1 —X@ 1- 75, l_[ 1-7Zg,

2o, o1+ O - D\ % 1+0G- 1)Zu<
@Hfsn — =) +G-Dandi+—— n +0-1)
1 1
— < — + (O —1)and < +0-1)
s 2B T (140 - D\ e ZU< . (17 (3 - D75, \*
1= x5, = 1-Jv; 1-Zp, =t 1-TZg,
o . ¢ .- . L \%¢
1-Xp M¢=a(1-%5 1-Zg M7=1(1-Zg
PN XU< < I= 1( XU() - and IU( g 1( U()

- n?;l(1+(J—1)26{>2{+(J_1) H2F=1(1—zz‘5{>2{
)H2F=1<1_zﬁc)%

n"gzl(1+(z—1)zﬁ()§(+(z—1) H}le(1—25€)
IHD(F=1<1‘ZE§)9(

l'[}i1(1+(J—1)21—5<)2<+(J—1) “?;1(1—21—;5)25

I (1+e-Dxg, oL, (1 To,)
A 1(1_)(3{)%
(161, ) oD T (17, )
(170, )
1'[?:1(1+(1—1))~(1_;<>95+(J_1)1‘[211(1_7(1_5()9(

= 1- I, and 1 — Zp (_S a7

and 255_ <1-

e 9%

a1+ 0075, ) -N1E (1-75,)
Mfa(1+0-07, ) +0-0 T (175, )

(140070, ) 1170, -
S — % w7 g andZg, = ag
n(=1(1+(1—1)xﬁ<) +(1—1)H§=1(1_XU§>
We prove that J5,~ < Xg,, 21—55_ < Za(
= 0~ < HFHWA,(U4, 03, ...,0) ().
We can easily prove')v(l—;{ < )Zﬁ;, Zﬁ{ < Zﬁ;
= HFHWA,(U4,0y, ..., 0p) < 0O (I).
From (I) and (II), we can write,
0~ < HFHWA,(04,0,, ..., 0sp) < UF.
Definition 9. Let us suppose ™ = (U4, U, ..., Ucp), be a set of °F CHFEs. A GCHFHWA operator is a
mapping C¥ — C, such that
N
GCHFHWA, (01,05, ..., 0e) = @1617@,,@2827@,, ....@HQOF&; = ( ®u 9¢1_5(7> ,
(=1
Where the parameter 1, must be a positive number and the W= (21,92, ...,QOF)T, is the

weight vector of 1_55(( =1,2...,°F),whose weight for every argument belongs to the unit interval
and YiF oy = 1.

Theorem 3. Let m = (U4, U, ..., Uep), consist of CHFESs, nonetheless the aggregated outcome by
employing GCHFHW A operatorisa CHFN, and

GCHFHW A, +(04,0,, ..., Do) =
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L
N \“)Z 7
,(xﬁ )
3
+(-1) XU(>

o )

n}ilk(u(z—n\

(

140- 1) 1 XU(

n}ilk(uo—n)

J(zﬁj \
<1+(J—1)(1_ZU(>>7+0_1)(21;{);)
’(ZTX()? \I_

M7, 1

\ <1+() 1) 1 XU{ ) +(— 1)

M| 1

() \

<

(0-n(s-25,)) +0-5z,) )

9%

U)?szﬁl531---.)7mF-ZmF€6°F

Proof: The proof is straightforward.
Definition 10. Let us suppose ™ = (04,05, ...,
a mapping CF — C, such that

_ _ 1 _ _
GCHFHWG}J(Ul, 02, eny UOF) = ? ((701)®1®H(7UZ)®2®H en
Theorem 4. Let m = (U4, 0, ...,

employing GCHFHW G operatorisa CHFN, and,
CGHFHWGy7(04, 0y, ..., Uep) =

.
.| (N R P
M| (1+G-1) i , | (1+6-1)
1+0— 1) 1 XU{ ) +0— 1) /
O-DIIE,| 1 "Uc
<1+(J 1) 1- XU +(J 1) XU(

G-DITE,| 1
<1+(J 1) 1- zU

Op), be a set of °F CHFEs. A GCHFHWG operator is

®p (T0)2)

(ZU<)7

<
1+0— 1) 1 Zu{ ) +0-1) ZU{

7

ZU(

./

1-|1-

( (ool i
<

<
1+(:«—1)(7(l—,(>> +o—1)(1—7(l—,(

7
al

+o 1 Zu{

°F

L
5

|
|

9% 9%
]'[EF // (1+0-1))x 1+(:« 1);(UZ (1 %Bif +(1_1)1'[°;=1/ <1+(J—1)(7(55>>7—(1—;75{)71\
\\ 1+(J 1) XU +(J 1)(1 XU(> )) \(1+(J—1))~(1—;§> +(J—1)(1—)?ﬁ<))
U)?ﬁl'zﬁ1561,--.7(1‘an'zz‘an€6°F : N9
| (ow-n(l-zu») {0 )
ML, — —
1|4 <1+(J—1)(23(>) +(J—1)(1—23(>

1

|

+4

Proof: The proof is straightforward.

4. Applications of Hamacher Aggregation Operators Based on CHFS

(ool 20

T 1 = 5 5
e (1+(J—1)ZTIZ_? '(1-Zﬁz> . +0-D T, _ 77 vl
<1+(A—1)<iﬁz)) +@_1)(1—zﬁ(> (1+(J-1)zl—,() +(1-1)(1—21—j{)

)

(3)

1 _
T ®u (10,)%,
(=1

Uep), consist of CHFEs, nonetheless the aggregated outcome by

)

C))

Throughout this segment, we cover the MCDM technique and address numerical problems.

4.1 Technique for MCDM Based on Hamacher AOs

In this part, complex hesitant Hamacher AOs are applied to formulate an MCDM model where the
uncertain information is hesitant fuzzy. The MCDM process entails selecting the best alternative from
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among many feasible options by ranking them according to a set of criteria or attributes. In this
example, let £ = (rl,rz, . .,ﬂq), be the alternatives and P = (v4, Uy, .,., Usp) be the criteria set with

T
the criteria weighted vectors @) = (a)l, w,, ...,a)oF) , Where w; must be positive and { is from 1to

°F and sum of all weights must be equal to one. Suppose that the evaluated value of the alternative
7(l=1,2,..,u) with criteria v,({=1,2..,°F) is represented by a CHFN U, =

Uss 75 €Ty {)Zl—;,{ + /Lzz—j,z} eHL. This set contains the possible estimated values of the alternative ¥;e£
{{‘ [( L L L

in terms of criteria uzep. Consequently, a CHF decision matrix (CHFDM) D= (ﬁif)ulxﬂ: , can be

constructed.

In general, MCDM modeling without additional importance descriptions results in two types of
criteria: cost-based, where the minimum attribute value is preferred, and benefit-based, where the
maximum attribute value is preferred. If all standards U((Z =1,2..,°F) are of not different type,
then the criteria values need not to be normalize. MCDM Problems have often been discussed
separately in terms of cost and benefit attributes, but when issues involve both, they should not
clash; if important, at least some unity can be achieved using Eq. (5) given below:

Ui, for benefit attribute Ug
Ti¢ = : (0=1,2,&w;{ =1,2&°F (5)
(I_JK)C, for cost attribute u;

The compliment of l_JK-, is denoted as
_ ¢ _ . -
(Tg) = U {(1 - Xﬁic) t1 (1 - Zl—fic)}’
76[(’26@66[{
in this result in a change in form making the matrix z = (Ty(()ulon. To see how they can reach the

optimal solution, the CHFHWA or CHFHWG operator was meant to be used for building up the
hesitant fuzzy MCDM process, which contains the following steps:
i The solution finder provides their alternatives according to the criteria.

e . . f"\ ] . —_—
ii.  Accordingto Eq.(5), convert the matrix D = (U@)ulon into i = (T,@)

wyXx°F
iii. Determine all the values of o (¢ = 1,2&,°F) using CHFHW A operator that is given below:
°F
o = CHFHWA (g, Big, ., Tep) = On (gg(n@))
¢=1
s o -\ 0 -\ )
H§F=1 (1 + (- 1))((—55) — H(F=1 (1 - Xﬁg) N
o -\ o L \¥¢
i J\IIES (1+G0-Dxg,)” +0- DL, (1-75,) ©
= >
°F ~ \¥¢ oF P 4 !
X545, €1 X0 Lo €V0F | HC:I (1 +0- 1)264') B Hf:l (1 B ZU()
o ~ 2( o i 2{
[\ (1+0-DZg,) " + G- DL (1-Z5,) /)

On the other hand, the CHFHW G operator:
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°F

W
T = CHFHWGJ('G{(, T’{(;-;-;T'["F) = Qy (T'K)_(
(=1

iv.
V.
Vi.

( MIE (~ ()9( )
7

0

o N 9 o - \%

U ) H(le (1 +(Q-1) (1 — )(f;(.)) +(0-1) H(F=1 (Xﬁg) |
- _ o ~ ¢

X0y 201 €V X o LT €VCF | ) H5F=1 (Zﬁf )

4' - 9 ~ \W7
L \ME(1+e-n(1-2)) +6-D1 (%)) )
Find the score values for each (i = 1, 2, ..., ).
Rank them using step IV.

End.

4.2. Numerical Problem

A university offering a fully funded scholarship to a student, but the applicants are four, i.e.
¥1, ¥4, ¥3, ¥4 and four criteria are suggested for them that are u;: academic performance, u,: research
contribution, us: extracurricular activities, u,: communicational skill. After the evaluation, we get the
best attribute or the best student who met the criteria. The weight vector is given as @ =

(0.4,0.2,0.3,0. 1)T. Following this, we use the initial strategy to choose the best student.

Throughout the assessment, it is crucial that the university’s board collaborates to choose
their own preference for the alternatives #; satisfy u;. Then the decision matrixji = (o(;)

Shown in Table.1.

Suppose 3 = 0.3, and integrate all the desired outcomes 1_5@([ =1,2,&w;{ =1,2&,°F) in
row { of the decision matrix ji, according to Eq.(6), into optimal values ©; of alternatives
r(i=1,234).

Compute the score values for each .

wXx°F

$(B1)93 = 0.5224,5(T3)93 = 0.4486,5(TB3)03 = 0.5280,5(Ty)03 = 0.5680.

By the result of step iii, we have $(64) 93 = 5(T3)03 = 5(T1)03 = 5(T3)0.3 - Therefore,u, >
U3 > Uq > Uy, indicating that the best alternative is u, . Furthermore, let 1 = 0.3,0.6,3,6, 10
which represent different preferences of decision makers regarding decision-making data.
The relative score values and order of the alternatives are presented in Table 2. To highlight
the result of various attitudinal character parameter 2 on the AOs, we employ various values
of 3 € (0,10], as interpreted by the experts. Changing trends of global preference score
functions. s(5)({=1,2,3,4) In CHFHWA with respect to 1 illustrated Fig.1 we can see
clearly from Figurel that the score outcomes generated through the CHFHW A operator has
inversely proportional to the parameter ). Choose the values of the parameter 1 according to
their preferences. As illustrated in Fig.1, for the CHFHW A operator, the last ranking of the
alternatives is unaffected for 3¢(0, 10].
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Table 1
A CHFDM
*1 ¥2
Uy {o. 2+ 40. 3,} {o. 4+40.2,0.3 + 40.4,} {o. 1+ 40. 6,} 0.7 + “0. 1, }
0.5 +40.7 0.6 +40.9 0.8 +40.5 0.9 +40.8
Uy {0. 4 4+ 40. 2,} {0. 7 + 10. 1,} {0. 5+ 40. 6,} 0.6 +10.9, }
0.1+¢0.53 8.g+¢8.§1 8.2+¢8.27 053+¢05
Us 0.3 +40.5, .8440.3, 4 +40.2, 0.5+40.7
{0.9+420.6} {0.2 +/i0.4} {0.1+in.1} 0.6 + 40. 8}
Uy {0.4 + 10. 2,} {0. 5+ 40. 3,} {0. 8 4+ 10. 1,} {0. 1+40.6,0.2 + 40. 8,}
0.9 +40.5 0.3+4+40.7 0.2 +40.9 0.6 +40.4
Table 2
Score values and ranking of the alternatives by using the CHFHWA operator.
CHFHWA,; CHFHWA, ¢ CHFHW A, CHFHW A, CHFHW A,
Uq 0.5567 0.5022 0.4884 0.4828
0.5406
Uy 0.4486 0.4353 0.3998 0.3872 0.3800
U3 0.5280 0.5132 0.4734 0.4589 0.4505
Uy 0.5929 0.5771 0.5387 0.5264 0.5197
Ranking U4>01>U3 U4>Ul>03>02 U4>Ul>03>02 U4>02>U3>UZ U4>Ul>U3>UZ
> Ug
CHFHWA
0.6
0.5
»n
O
= 04
<
>
o 03
Y
)
g 02
0.1
0

(4

Hyl my3 my4 my2

Fig. 1. The graphical interpretation of score values by using the CHFHWA operator.
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Table 3

Score values and ranking of the alternatives by using the CHFHWG operator.

CHFHWG3 CHFHWG ¢ CHFHWG4 CHFHWG CHFHW G4,
Uq 0.3928 0.4063 0.4398 0.4503 0.4560
U 0.3388 0.3219 0.3462 0.3533 0.3570
Uz 0.3399 0.3564 0.3960 0.4090 0.4161
Ug 0.4273 0.4358 0.4860 0.5046 0.5155
Ranking Uy > U1 > Ug U4 > U1 > Ug Uy > Uq > Ug Uy > Uq > U3 Uy > Uq > U3
> Uy > Uy > Uy > Uy > Uy
CHFHWG
0.6
0.5
7]
[
B 04
>
w 03
g
g 02
95)
0.1
0
0.3 0.6 3 6 10
4

Hul my2 mu3 EHu4

Fig. 2. The graphical interpretation of score values by using the CHFHWG operator.

When we replace CHFHW A to CHFHW G operator in step 2, and also comparing Table 2 with
Table.3, then we found that, except for the case having the identical configuration parameter value
) and aggregation argument, all the evaluation score values of CHFHW G operator are less than the
score values of CHFHW A operator. In Fig.2, the global score functions s(;) (i = 1, 2,3,4) are shown
to change with X in CHFHW G operators. It is clear from Fig.2, the score values of CHFHW G operator
rise as the parameter } increase. The following are the rankings of alternatives in different
parameter 2.

1. If 2e(0, 2], then v, > Uq > U3 > U,.
2. If Xe(2,5], then v, > vy > U3 > U,.
3. If 3(5,8], then v, > vy > U3 > U,.
4. If Xe(8, 10], then u, > U1 > Uz > U,.

Hence, for the CHFHW G operator, the parameter 1 value has an important effect on the
score values and rank of alternatives. The analysis above indicates that while the CHFHW A operator
identifies the same top solution as the CHFHW G operator.
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5. Comparison Analysis

In this segment, we will compare the previous theories with our suggested work. It plays a
key role in determining which theory is most advanced and best suited to the work discussed above.
First, we will make a list of all previous theories and compare them with our proposed work.

1. Fuzzy Set Theory by Zadeh [4, 5].

2. Decision-making using HFS by Torra and Narukawa [8].

3. Decision-making using hesitant fuzzy information aggregation by Xia et al. [12].

4, Decision-making and fuzzy optimization using generalized OWA aggregation operators by
Yager [14].

5. MADM using Dombi and Archimedean weighted operators for HFSs by Liu et al. [36].

6. MCDM using Hamacher AOs for HFSs by Tan et al. [28]

7. A new interpretation of complex membership grade by Tamir et al. [32].

8. Decision making with different innovative distance measures by Garg et al. [34].

9. Decision-making using circular bipolar complex fuzzy AOs by Senapati et al. [31].

Some of the above-listed theories are applicable only to fuzzy sets; others focus only on HFSs;
and a few focus on hesitant aggregation operators. DAWs AOs relate to our proposed work, but they
cannot handle the flexibility of complex numbers with Hamacher AOs. Now we develop Table 4, in
which we rank the score values of all the above Example 4.2 and take 3 = 0. 3.

Table 4

Comparison between the proposed work and previous theories.

Theories s(uq) s(vy) s(vq) s(vq) Ranking
Zadeh [4, 5] XXX XX X XXX XXX XXX

Torra and Narukawa [8] XXX XXX XXX XXX XXX
Xiaetal. [12] XXX XXX XXX XXX XXX

Yager [14] XXX XXX XXX XXX XXX
Liu et al. [36] XXX XX X XXX XXX XXX
Tanetal. [28] XXX XXX XXX XXX XXX
Tamiretal. [32] XXX XXX XXX XXX XXX

Garg etal. [34] XXX XX X XXX XXX XXX
Senapatietal. [31] XXX XXX XXX XXX XXX
Proposed Work (CHFHWA) 0.5667 0.4486 0.5280 0.5929 Uy > U1 > U3 > U,y
Proposed Work (CHFHWG) 0.3929 0.3388 0.3399 0.4273 Uy > U1 > U3 >0,y

In Table 4 above, it is clear that all the theories failed in the face of our proposed work. The
theories proposed by Tan et al. [28] and Liu et al. [37] are suitable, but they do not give the concept
of CFS. The theory proposed by Senapati et al. [31] was much better because it introduced the
concept of complex fuzzy sets, but it does not define CHFS. It is clear that our proposed work is
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superior to the above, as it addresses the concept of CHFS using Hamacher aggregation-weighted
operators.

COMPARISON
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Fig. 3. Comparison chart

6. Conclusions

This article developed a new generalization of Hamacher AOs within the CHFS framework.
The CHFHWA, CHFHWG, GCHFHWA, and GCHFHWG operators we have constructed provide a
mathematically sound and flexible tool for addressing uncertainty and hesitation in MCDM. These
operators combine the advantages of Hamacher t-norms with the expressiveness of CHFS, providing
greater flexibility for integrating complex and inexact information. The practical value of the
proposed operators was demonstrated by their application to a real-life decision-making problem.
The scholarship selection case study demonstrated that the operators provide consistent and
meaningful rankings of the alternatives, even when the attitudinal parameters are varied. Moreover,
the comparative analysis revealed that previous models do not offer the same degree of flexibility
and accuracy, thereby demonstrating the excellence of our method. This contribution not only fills a
clear research gap in the literature but also provides a basis for future developments in CHFS-based
decision-making. The suggested framework can be scaled to address large-scale group decision-
making, uncertainty modeling in engineering and healthcare, and decision-making in new areas of
data sciences and artificial intelligence. We aim to expand our study to various uncertain
environments, such as probabilistic hesitant fuzzy sets [37], Pythagorean hesitant fuzzy sets [38],
circular intuitionistic fuzzy sets [39] complex dual hesitant fuzzy sets [40], hesitant multi-fuzzy soft
sets [41] and T-spherical fuzzy sets [42] and complex picture fuzzy sets [43].
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     ℧ - ℸ =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (   ℷ    (     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~   ℧ - ) ℸ ) + 𝒾  (   ℷ    (    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~   ℧ - ) ℸ ) } , ℸ > 𝟢


     ℧ - ℸ =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (   ℷ    (     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~   ℧ - ) ℸ ) + 𝒾  (   ℷ    (    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~   ℧ - ) ℸ ) } , ℸ > 𝟢


  C H F E s ,


       ℧ -  𝟷    𝒸 .  ⨂  𝙷      ℧ -  𝟷    𝒸 . =    (    ℧ -  𝟷  ⨂  𝙷    ℧ - 2 )    𝒸 .


  ℸ  (    ℧ -    𝒸 . ) =    (    ℧ - ℸ )    𝒸 .   , ℸ > 𝟢


  ℸ  (    ℧ -    𝒸 . ) =    (    ℧ - ℸ )    𝒸 .   , ℸ > 𝟢


     (    ℧ -    𝒸 . ) ℸ =    ( ℸ  ℧ - )    𝒸 . , ℸ > 𝟢


       ℧ -  𝟷    𝒸 .  ⨁  𝙷      ℧ -  𝟷    𝒸 . =    (    ℧ -  𝟷  ⨁  𝙷    ℧ - 2 )    𝒸 .


       ℧ -  𝟷    𝒸 .  ⨁  𝙷      ℧ -  𝟷    𝒸 . =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     (       (  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) +  ( 𝟷 −     𝜒 ~     ℧ - 2 ) −  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) .  ( 𝟷 −     𝜒 ~     ℧ - 2 ) )   −  (  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) .  ( 𝟷 −     𝜒 ~     ℧ - 2 ) )  𝟷 −  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) .  ( 𝟷 −     𝜒 ~     ℧ - 2 ) ) + 𝒾  (       (  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) +  ( 𝟷 −    Ȥ ~     ℧ - 2 ) −  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) .  ( 𝟷 −    Ȥ ~     ℧ - 2 ) )   −  (  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) .  ( 𝟷 −    Ȥ ~     ℧ - 2 ) )  𝟷 −  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) .  ( 𝟷 −    Ȥ ~     ℧ - 2 ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     (       𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )      𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) )   + 𝒾  (      Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 )  ( 𝟷 −    Ȥ ~     ℧ - 2 )     Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) .  ( 𝟷 −    Ȥ ~     ℧ - 2 ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     (       𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )      𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) )   + 𝒾  (      Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 )  ( 𝟷 −    Ȥ ~     ℧ - 2 )     Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 +  ( ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) .  ( 𝟷 −    Ȥ ~     ℧ - 2 ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     ( 𝟷 −     (       𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2  ℷ +  ( 𝟷 − ℷ )  (     𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 ) ) )   + 𝒾  ( 𝟷 −  (      Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2  ℷ +  ( 𝟷 − ℷ )  (    Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 ) ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     ( 𝟷 −     (       𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2  ℷ +  ( 𝟷 − ℷ )  (     𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 ) ) )   + 𝒾  ( 𝟷 −  (      Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2  ℷ +  ( 𝟷 − ℷ )  (    Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 ) ) ) }


  =    (    ℧ -  𝟷  ⨁  𝙷    ℧ - 2 )    𝒸 .


  =    (    ℧ -  𝟷  ⨁  𝙷    ℧ - 2 )    𝒸 .


       ℧ -  𝟷    𝒸 .  ⨂  𝙷      ℧ -  𝟷    𝒸 . =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     (    ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ - 2 )  ℷ +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 ) +  ( 𝟷 −     𝜒 ~     ℧ - 2 ) −  ( 𝟷 −     𝜒 ~     ℧ -  𝟷 )  ( 𝟷 −     𝜒 ~     ℧ - 2 ) )   + 𝒾  (    ( 𝟷 −    Ȥ ~     ℧ -  𝟷 )  ( 𝟷 −    Ȥ ~     ℧ - 2 )  ℷ +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 ) +  ( 𝟷 −    Ȥ ~     ℧ - 2 ) −  ( 𝟷 −    Ȥ ~     ℧ -  𝟷 )  ( 𝟷 −    Ȥ ~     ℧ - 2 ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     (   𝟷 −     𝜒 ~     ℧ -  𝟷 −     𝜒 ~     ℧ - 2 +     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 ) + 𝒾  (   𝟷 −    Ȥ ~     ℧ -  𝟷 −    Ȥ ~     ℧ - 2 +    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     ( 𝟷 −  (       𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 −  ( 𝟷 − ℷ )     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 ) )   + 𝒾  ( 𝟷 −  (      Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 −  ( 𝟷 − ℷ )    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 ) ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 ,     𝜒 ~     ℧ - 2 ,    Ȥ ~     ℧ - 2 𝜖    ℧ - 2   {     ( 𝟷 −  (       𝜒 ~     ℧ -  𝟷 +     𝜒 ~     ℧ - 2 −     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 −  ( 𝟷 − ℷ )     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )     𝜒 ~     ℧ -  𝟷 .     𝜒 ~     ℧ - 2 ) )   + 𝒾  ( 𝟷 −  (      Ȥ ~     ℧ -  𝟷 +    Ȥ ~     ℧ - 2 −    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 −  ( 𝟷 − ℷ )    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2  𝟷 −  ( 𝟷 − ℷ )    Ȥ ~     ℧ -  𝟷 .    Ȥ ~     ℧ - 2 ) ) }


  =    (    ℧ -  𝟷  ⨂  𝙷    ℧ - 2 )    𝒸 .


   (    ℧ -    𝒸 . ) =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (      ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ −    (     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (     𝜒 ~   ℧ - ) ℸ ) + 𝒾  (      ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ −    (    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (    Ȥ ~   ℧ - ) ℸ ) }


   (    ℧ -    𝒸 . ) =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (      ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ −    (     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (     𝜒 ~   ℧ - ) ℸ ) + 𝒾  (      ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ −    (    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (    Ȥ ~   ℧ - ) ℸ ) }


  =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     ( 𝟷 −  (   ℷ    (     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (     𝜒 ~   ℧ - ) ℸ ) )   + 𝒾  ( 𝟷 −  (   ℷ    (    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  ( 𝟷 −    Ȥ ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (    Ȥ ~   ℧ - ) ℸ ) ) }


  =    (    ℧ - ℸ )    𝒸 .


  =    (    ℧ - ℸ )    𝒸 .


     (    ℧ -    𝒸 . ) ℸ =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (   ℷ    ( 𝟷 −     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −   𝜒 ~   ℧ - ) ℸ ) + 𝒾  (   ℷ    ( 𝟷 −    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (    Ȥ ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −  Ȥ ~   ℧ - ) ℸ ) }


     (    ℧ -    𝒸 . ) ℸ =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     (   ℷ    ( 𝟷 −     𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −   𝜒 ~   ℧ - ) ℸ ) + 𝒾  (   ℷ    ( 𝟷 −    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (    Ȥ ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −  Ȥ ~   ℧ - ) ℸ ) }


  =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     ( 𝟷 −      ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ −    (   𝟷 −   𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −   𝜒 ~   ℧ - ) ℸ )   + 𝒾  ( 𝟷 −      ( 𝟷 +  ( 𝟷 − ℷ )    Ȥ ~   ℧ - ) ℸ −    ( 𝟷 −    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )    Ȥ ~   ℧ - ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −  Ȥ ~   ℧ - ) ℸ ) }


  =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {     ( 𝟷 −      ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ −    (   𝟷 −   𝜒 ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )  (     𝜒 ~   ℧ - ) ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −   𝜒 ~   ℧ - ) ℸ )   + 𝒾  ( 𝟷 −      ( 𝟷 +  ( 𝟷 − ℷ )    Ȥ ~   ℧ - ) ℸ −    ( 𝟷 −    Ȥ ~   ℧ - ) ℸ     ( 𝟷 +  ( 𝟷 − ℷ )    Ȥ ~   ℧ - ) ℸ +  ( 𝟷 − ℷ )    (   𝟷 −  Ȥ ~   ℧ - ) ℸ ) }


  =    ( ℸ  ℧ - )    𝒸 .


  𝟑


  𝜋 =  {    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ } ,


  C H F E s


    ℉


  𝔣


    𝜋


  𝔣 : →  [ 𝟢 , 𝟷 ] ,


    𝔣  𝜋 =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  {    ℧ -  𝟷 ×    ℧ - 2 × …   ×  ℧ - ℉ }   { 𝔣  (   𝜒 ~ ) }


  𝜋


    C H F E s


    𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ )


  C H F 𝙷 W A


    C ℉ ⟶ C


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =  ϣ  𝟷    ℧ -  𝟷  ⨁  H  ϣ 2    ℧ - 2  ⨁  H … .  ⨁  H    ϣ _ ℉    ℧ - ℉     =    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 ,


  ℷ ,


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ ,  


     (   ∑  ἲ = 𝟷 ℉     ϣ _ ἲ = 𝟷 ) .


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


      C H F E s


  C H F 𝙷 W A


    C H F N ,


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }               ( 𝟷 )


  ℉ ,


  ℉ = 𝟷 .


  ( 𝟷 )


  ℉ =   𝓀 , .


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ -    𝓀 . ) =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ -    𝓀 . ,    Ȥ ~     ℧ -    𝓀 . 𝜖    ℧ -    𝓀 .   {     (        ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) + 𝒾  (        ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  ℉ =   𝓀 . + 𝟷 ,


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ -    𝓀 . + 𝟷 ) =  ϣ  𝟷    ℧ -  𝟷  ⨁  H  ϣ 2    ℧ - 2  ⨁  H … .  ⨁  H    ϣ _    𝓀 .    ℧ -    𝓀 .  ⨁  H    ϣ _    𝓀 . + 𝟷    ℧ -    𝓀 . + 𝟷 =   C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ -    𝓀 . )  ⨁  H    ϣ _    𝓀 . + 𝟷    ℧ -    𝓀 . + 𝟷


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ -    𝓀 . ,    Ȥ ~     ℧ -    𝓀 . 𝜖    ℧ -    𝓀 .   {     (        ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (        ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }  ⨁  H


    ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ -    𝓀 + 𝟷 . ,    Ȥ ~     ℧ -    𝓀 + 𝟷 . 𝜖    ℧ -    𝓀 + 𝟷 .   {     (        ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 −   ∏  ј = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷    ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 )   + 𝒾  (        ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 −   ∏  ј = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷    ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 ) }


    𝛽  𝟷   =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ,   𝛿  𝟷 =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ,     𝛽 2 =   ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷


    𝛿 2 =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −     𝜒 ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷


    𝜗  𝟷 =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ,   𝜌  𝟷 =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ,


    𝜗 2 =   ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷 ,   𝜌 2 =   ∏  𝜁 = 𝟷    𝓀 .     ( 𝟷 −    Ȥ ~     ℧ -    𝓀 . + 𝟷 )     ϣ _    𝓀 . + 𝟷


  ( 𝟷 )


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ -    𝓀 + 𝟷 . ) =     𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷   ,


        ϣ _    𝓀 . + 𝟷    ℧ -    𝓀 . + 𝟷 =     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2 .


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ -    𝓀 . )  ⨁  H    ϣ _    𝓀 . + 𝟷    ℧ -    𝓀 . + 𝟷 =


      𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷  ⨁  H     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ -    𝓀 . ,    Ȥ ~     ℧ -    𝓀 . 𝜖    ℧ -    𝓀 .   {       (        𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷   +     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2 −       𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷   ×     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2 −    ( ℷ − 𝟷 )     𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷   ×     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2 )   (    𝟷 −  ( ℷ − 𝟷 )     𝛽  𝟷   −   𝛿  𝟷      𝛽  𝟷   +  ( ℷ − 𝟷 )   𝛿  𝟷   + 𝒾     𝜗  𝟷 −   𝜌  𝟷    𝜗  𝟷 +  ( ℷ − 𝟷 )   𝜌  𝟷   ×     𝛽  2   −   𝛿  2      𝛽  2   +  ( ℷ − 𝟷 )   𝛿  2   + 𝒾     𝜗 2 −   𝜌 2    𝜗 2 +  ( ℷ − 𝟷 )   𝜌 2 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ -    𝓀 . + 𝟷 ,    Ȥ ~     ℧ -    𝓀 . 𝜖    ℧ -    𝓀 . + 𝟷   {              ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _ ј −   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _ ј +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   + 𝒾        ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _ ј −   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _ ј +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ -    𝓀 . + 𝟷 ,    Ȥ ~     ℧ -    𝓀 . 𝜖    ℧ -    𝓀 . + 𝟷   {              ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _ ј −   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _ ј +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   + 𝒾        ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _ ј −   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷    𝓀 . + 𝟷     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _ ј +  ( ℷ − 𝟷 )   ∏  ј = 𝟷    𝓀 . + 𝟷     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 }


   ( 𝟷 ) ,


  ℉ =   𝓀 . + 𝟷 .


   ( 𝟷 ) ,


  ℉ .


  ℷ = 𝟷


  C H F 𝙷 W A


  C   H F W A   ϣ _  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =    ℉   ⨁   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {  ( 𝟷 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) + 𝒾  ( 𝟷 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


   ( C H F 𝙷 W A )


    ℷ = 2


  C H F 𝙷 W A


    C H F E W A   ϣ _  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =    ℉    ⨁  𝜀   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) + 𝒾     (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }   ,


  ( C H F E W A )


   ϣ _ =    (   𝟷 ℉ ,   𝟷 ℉ , . . . ,   𝟷 ℉ ) Ⱦ   ,


  C H F 𝙷 W A


  C H F H A  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉    ∏  𝜁 = 𝟷    𝔫 ⃛     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ )   + 𝒾  (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉    ∏  𝜁 = 𝟷    𝔫 ⃛     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ ) }


  ( C H F H A )


     ծ _  𝜁 > 𝟢 ,    ϣ _  𝜁 > 𝟢 ,   𝜁 = 𝟷 , 2 , . . , ℉ ,


    ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 = 𝟷 ,


    ∏  𝜁 = 𝟷 ℉     (    ծ _  𝜁 )     ϣ _  𝜁 ≤   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁    ծ _  𝜁 ,


     ծ _  𝟷 =    ծ _ 2 = , … ,    ծ _ ℉ .


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s


   ϣ _


       ℧ -  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ )


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ .


   (   ∑  ἲ = 𝟷 ℉     ϣ _ ἲ = 𝟷 ) .


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ≤ C H F H A  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) .


      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉ ,


     ℧ -  𝟷


     ℧ - 2


     ℧ -  𝟷 ≤    ℧ - 2


      𝜒 ~     ℧ -  𝟷 ≤     𝜒 ~     ℧ - 2


     Ȥ ~     ℧ -  𝟷 ≤    Ȥ ~     ℧ - 2


    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ≤   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁  ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 ) +  ( ℷ − 𝟷 )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁  ( 𝟷 +     𝜒 ~     ℧ -  𝜁 )


      ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 = 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ≤ 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~      𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ℷ  


  = 𝟷 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~      𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁


    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ≤   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁  ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 ) +  ( ℷ − 𝟷 )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁  ( 𝟷 +    Ȥ ~     ℧ -  𝜁 )


      ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 = 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ≤ 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ℷ = 𝟷 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ≤ 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ℷ = 𝟷 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟹    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 ≤    ℉   ⨁   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁


  ⟹    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 ≤    ℉   ⨁   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ≤ C H F H A  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) .  


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s ,


     ℧ -  𝜁  ( 𝜁 = 𝟷 , 2 , . . , ℉ )


     ℧ -  𝜁 =  ℧ -


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =


   ℧ - .


     ℧ -  𝜁 =  ℧ - ,


  𝜁 = 𝟷 , 2 , . . , ℉ ,


    C H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   C H F 𝙷 W A ℷ  (  ℧ - ,  ℧ - , … ,  ℧ - )


  =   ⋃      𝜒 ~   ℧ - 𝜖  ℧ -   {     (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~   ℧ - )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −   𝜒 ~ )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~   ℧ - )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~   ℧ - )     ϣ _  𝜁 ) }   ,   ⋃     Ȥ ~   ℧ - 𝜖  ℧ -   {     (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~   ℧ - )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~   ℧ - )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~   ℧ - )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~   ℧ - )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~   ℧ - 𝜖  ℧ -   {     (       ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 −  ( 𝟷 −     𝜒 ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁   ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 ) } ,     ⋃     Ȥ ~   ℧ - 𝜖  ℧ -   {     (       ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 −  ( 𝟷 −    Ȥ ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁   ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~   ℧ - )   ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~   ℧ - ,    Ȥ ~   ℧ - 𝜖  ℧ -   {    ℧ } = ℧


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


    ℉     C H F E s


    C ℉ ⟶ C


  C   H F 𝙷 W G ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =      ℧ -  𝟷   ϣ  𝟷  ⨂  H      ℧ - 2   ϣ 2  ⨂  H … .  ⨂  H      ℧ - ℉     ϣ _ ℉ =    ℉    ⨂  H   𝜁 = 𝟷      ℧ -  𝜁     ϣ _  𝜁 ,


  ℷ


   ϣ _


       ℧ -  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ ) ,  


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ


   (   ∑  ἲ = 𝟷 ℉     ϣ _ ἲ = 𝟷 ) .


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


      C H F E s


  C H F 𝙷 W G


    C H F N ,


    C H F 𝙷 W G ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , … ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     (   ℷ   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (   ℷ   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) } ( 2 )


    ℷ = 𝟷


  C H F 𝙷 W G


  C   H F W G ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =    ℉    ⨂  H   𝜁 = 𝟷      ℧ -  𝜁     ϣ _  𝜁 =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {      ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 + 𝒾   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 }


  C H F W G


    ℷ = 2


  C H F 𝙷 W G


    C H F W G ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =    ℉    ⨂  𝜀   𝜁 = 𝟷      ℧ -  𝜁     ϣ _  𝜁 =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     (   2   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 2 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) + 𝒾  (   2   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 2 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) } ,


     ( C H F E W G )


   ϣ _ =    (   𝟷 ℉ ,   𝟷 ℉ , . . . ,   𝟷 ℉ ) Ⱦ   ,


  C H F 𝙷 W G


  C H F H A  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     (           ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )    𝟷 ℉ )   + 𝒾  (           ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )    𝟷 ℉ ) } ,


  ( C H F H G )


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s


   ϣ _


       ℧ -  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ )


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ .


   (   ∑  ἲ = 𝟷 ℉     ϣ _ ἲ = 𝟷 ) .


     ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁      ℧ -  𝜁    c . =    (    ℉    ⨂  H   𝜁 = 𝟷      ℧ -  𝜁     ϣ _  𝜁 )    c .


     ℉    ⨂  H   𝜁 = 𝟷    (      ℧ -  𝜁    c . )     ϣ _  𝜁 =    (    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 )    c .


     ℉    ⨂  H   𝜁 = 𝟷    (      ℧ -  𝜁    c . )     ϣ _  𝜁 =    (    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 )    c .


     ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁      ℧ -  𝜁    c .


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (        ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        ( 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  ( 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {        ( 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  ( 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =    (    ℉    ⨂  H   𝜁 = 𝟷      ℧ -  𝜁     ϣ _  𝜁 )    c .


     ℉    ⨂  H   𝜁 = 𝟷    (      ℧ -  𝜁    c . )     ϣ _  𝜁 =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     (   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾  (   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     ( 𝟷 −     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )  (     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾     ( 𝟷 −     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )  (    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =   ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {     ( 𝟷 −     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )  (     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 )   + 𝒾     ( 𝟷 −     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )  (    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


  =    (    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 )    c . .


  =    (    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁    ℧ -  𝜁 )    c . .


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s .


     ℧ - − =


   {       𝜒 ~     ℧ -  𝜁 − |       𝜒 ~     ℧ -  𝜁 − 𝜖      ℧ -  𝜁 − } + 𝒾 min  {      Ȥ ~     ℧ -  𝜁 − |      Ȥ ~     ℧ -  𝜁 − 𝜖      ℧ -  𝜁 − }


     ℧ - + =


   {       𝜒 ~     ℧ -  𝜁 + |       𝜒 ~     ℧ -  𝜁 + 𝜖      ℧ -  𝜁 + } + 𝒾 min  {      Ȥ ~     ℧ -  𝜁 + |      Ȥ ~     ℧ -  𝜁 + 𝜖      ℧ -  𝜁 + }


     ℧ - − ≤   H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ≤    ℧ - + .


  𝔣  (  ծ _ ) =   𝟷 +  ( ℷ − 𝟷 )  ծ _  𝟷 −  ծ _   ,  ծ _ 𝜖  [ 𝟢 , 𝟷 ) ,


  𝔣  (  ծ _ ) =    (   𝟷 +  ( ℷ − 𝟷 )  ծ _  𝟷 −  ծ _ ) ′ =  ℷ     ( 𝟷 − 𝜕 ) 2 > 𝟢 ,


  𝔣  (  ծ _ )


  𝜁 ,


        𝜒 ~     ℧ -  𝜁 − +      Ȥ ~     ℧ -  𝜁 − ≤     𝜒 ~     ℧ -  𝜁 +    Ȥ ~     ℧ -  𝜁 ≤       𝜒 ~     ℧ -  𝜁 + +      Ȥ ~     ℧ -  𝜁 +


  ⇒ 𝔣  (       𝜒 ~     ℧ -  𝜁 − +      Ȥ ~     ℧ -  𝜁 − ) ≤ 𝔣  (     𝜒 ~     ℧ -  𝜁 +    Ȥ ~     ℧ -  𝜁 ) ≤ 𝔣  (       𝜒 ~     ℧ -  𝜁 + +      Ȥ ~     ℧ -  𝜁 + ) .  


          𝜒 ~     ℧ -  𝜁 − ≤     𝜒 ~     ℧ -  𝜁      Ȥ ~     ℧ -  𝜁 − ≤    Ȥ ~     ℧ -  𝜁 and     𝜒 ~     ℧ -  𝜁 ≤       𝜒 ~     ℧ -  𝜁 + ,      Ȥ ~     ℧ -  𝜁 ≤      Ȥ ~     ℧ -  𝜁 +


    𝟷 +  ( ℷ − 𝟷 )         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁   and     𝟷 +  ( ℷ − 𝟷 )      Ȥ ~     ℧ -  𝜁 −  𝟷 −      Ȥ ~     ℧ -  𝜁 − ≤   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 .


     (   𝟷 +  ( ℷ − 𝟷 )         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤    (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 and                (   𝟷 +  ( ℷ − 𝟷 )        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤    (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺    ( 𝟷 +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤    (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 and    ( 𝟷 +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤    (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺   ∏  𝜁 = 𝟷 ℉     ( 𝟷 +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   and   ∏  𝜁 = 𝟷 ℉     ( 𝟷 +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺   ∏  𝜁 = 𝟷 ℉     ( 𝟷 +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   and   ∏  𝜁 = 𝟷 ℉     ( 𝟷 +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  𝟷 ,


    ∑  𝜁 = 𝟷 ℉     ϣ _  𝜁 = 𝟷 ,


  ⟺    ( 𝟷 +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 and      ( 𝟷 +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − )     ϣ _  𝜁 ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺ ℷ +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 ) and   ℷ +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )


  ⟺ ℷ +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 ) and   ℷ +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − ≤   ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )


  ⟺   𝟷  ℷ +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   𝟷    ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   and     𝟷  ℷ +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − ≤   𝟷    ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )


  ⟺   𝟷  ℷ +   ℷ         𝜒 ~     ℧ -  𝜁 −  𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   𝟷    ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁  𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   and     𝟷  ℷ +   ℷ        Ȥ ~     ℧ -  𝜁 −  𝟷 −        Ȥ ~     ℧ -  𝜁 − ≤   𝟷    ∏  𝜁 = 𝟷 ℉     (   𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁  𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )


  ⟺   𝟷 −         𝜒 ~     ℧ -  𝜁 − ℷ ≤     ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   and     𝟷 −        Ȥ ~     ℧ -  𝜁 − ℷ ≤     ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁  


  ⟺ 𝟷 −         𝜒 ~     ℧ -  𝜁 − ≤   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁   and   𝟷 −        Ȥ ~     ℧ -  𝜁 − ≤   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺         𝜒 ~     ℧ -  𝜁 − ≤ 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁       and    Ȥ ~     ℧ -  𝜁 − ≤ 𝟷 −   ℷ   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


  ⟺         𝜒 ~     ℧ -  𝜁 − ≤     ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁       and    Ȥ ~     ℧ -  𝜁 − ≤     ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁


          𝜒 ~     ℧ -  𝜁 − ≤     𝜒 ~     ℧ -  𝜁


       Ȥ ~     ℧ -  𝜁 − ≤    Ȥ ~     ℧ -  𝜁


  ⟹    ℧ - − ≤   H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ )           ( I )


        𝜒 ~     ℧ -  𝜁 ≤       𝜒 ~     ℧ -  𝜁 +


     Ȥ ~     ℧ -  𝜁 ≤      Ȥ ~     ℧ -  𝜁 +


  ⟹   H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ≤    ℧ - +         ( I I )


  ( I )


    ( I I )


     ℧ - − ≤   H F 𝙷 W A ℷ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ≤    ℧ - +


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s .


    C ℉ ⟶ C ,


    G C H F H W A  ℷ , ℸ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =  ϣ  𝟷      ℧ -  𝟷 ℸ  ⨁  H  ϣ 2      ℧ - 2 ℸ  ⨁  H … .  ⨁  H    ϣ _ ℉      ℧ - ℉ ℸ =    (    ℉    ⨁  H   𝜁 = 𝟷    ϣ _  𝜁      ℧ -  𝜁 ℸ )    𝟷 ℸ ,


  ℷ ,


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ ,  


       ℧ -  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ ) ,


    ∑  ἲ = 𝟷 ℉     ϣ _ ἲ = 𝟷 .


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


      C H F E s


  G C H F H W A


    C H F N ,


    G C H F H W A  ℷ , ℸ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =


    ⋃      𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {       (        ∏  𝜁 = 𝟷 ℉     (  ( 𝟷 +  ( ℷ − 𝟷 ) )   ℷ    (     𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 −     ∏  𝜁 = 𝟷 ℉     ( 𝟷 −   ℷ    (     𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁       ∏  𝜁 = 𝟷 ℉     (  ( 𝟷 +  ( ℷ − 𝟷 ) )   ℷ    (     𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 +    ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −   ℷ    (     𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 )    𝟷 ℸ +   𝒾  (        ∏  𝜁 = 𝟷 ℉     (  ( 𝟷 +  ( ℷ − 𝟷 ) )   ℷ    (    Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 −     ∏  𝜁 = 𝟷 ℉     ( 𝟷 −   ℷ    (    Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁       ∏  𝜁 = 𝟷 ℉     (  ( 𝟷 +  ( ℷ − 𝟷 ) )   ℷ    (    Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 +    ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −   ℷ    (    Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    (    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 )    𝟷 ℸ } ( 3 )


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


  ℉     C H F E s .


    C ℉ ⟶ C ,


    G C H F H W G  ℷ , ℸ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   𝟷 ℸ  (    ( ℸ    ℧ -  𝟷 )   ϣ  𝟷  ⨂  H    (   ℸ  ℧ - 2 )   ϣ 2  ⨂  H … .  ⨂  H    (   ℸ  ℧ - ℉ )     ϣ _    𝔫 ⃛ )   =   𝟷 ℸ    ℉    ⨂  H   𝜁 = 𝟷    (   ℸ  ℧ -  𝜁 )     ϣ _  𝜁 ,


  𝜋 =  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) ,


      C H F E s


  G C H F H W G


    C H F N ,


    C G H F H W G  ℷ , ℸ  (    ℧ -  𝟷 ,    ℧ - 2 , … ,    ℧ - ℉ ) =   ⋃         𝜒 ~     ℧ -  𝟷 ,    Ȥ ~     ℧ -  𝟷 𝜖    ℧ -  𝟷 , . . ,     𝜒 ~     ℧ - ℉ ,    Ȥ ~     ℧ - ℉ 𝜖    ℧ - ℉   {       𝟷 −    ( 𝟷 −      ℷ   ∏  𝜁 = 𝟷 ℉     (         ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ) ℸ −    (   𝟷 −   𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  (     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁   (      ∏  𝜁 = 𝟷 ℉     (     ( 𝟷 −       ( 𝟷 +  ( ℷ − 𝟷 ) ) ×    ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 ) ℸ −    (   𝟷 −   𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  (     𝜒 ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ℸ ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (         ( 𝟷 +  ( ℷ − 𝟷 )  (     𝜒 ~     ℧ -  𝜁 ) ) ℸ −    ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 ) )    𝟷 ℸ + 𝒾    ( 𝟷 −       ( 𝟷 −      ℷ   ∏  𝜁 = 𝟷 ℉     (         ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ) ℸ −    (   𝟷 −  Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  (    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁   (      ∏  𝜁 = 𝟷 ℉     (  ( 𝟷 +  ( ℷ − 𝟷 ) )  ( 𝟷 −         ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 ) ℸ −    (   𝟷 −  Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )  (    Ȥ ~     ℧ -  𝜁 ) ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ℸ ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (      ( 𝟷 +  ( ℷ − 𝟷 )  (    Ȥ ~     ℧ -  𝜁 ) ) ℸ −    ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ℸ     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 ) ℸ +  ( ℷ − 𝟷 )    ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) ℸ )     ϣ _  𝜁 ) )    𝟷 ℸ ) }   ( 4 )


  £ =  (  ᵲ  𝟷 ,  ᵲ 2 , . , . ,  ᵲ ɰ ) ,


  Ƿ = (  ʊ  𝟷 ,  ʊ 2 , . , . ,  ʊ ℉ )


   ϣ _ =    (    ϣ _  𝟷 ,    ϣ _ 2 , … ,    ϣ _ ℉ ) Ⱦ ,  


     ϣ _  𝜁


  𝜁


  ℉


   ᵲ ί ( ί = 𝟷 , 2 , … , ɰ )


   ʊ  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ )


  C H F N      ℧ -  ί 𝜁 =   ⋃      𝜒 ~     ℧ -  ί 𝜁 ,    Ȥ ~     ℧ -  ί 𝜁 𝜖    ℧ -  ί 𝜁   {     𝜒 ~     ℧ -  ί 𝜁 + 𝒾    Ȥ ~     ℧ -  ί 𝜁 } 𝜖 ℍ .


   ᵲ ί 𝜖 £


     ʊ  𝜁 𝜖 Ƿ


    𝒟 ⏞ =    (    ℧ -  ί 𝜁 )  ɰ × ℉


   ʊ  𝜁  ( 𝜁 = 𝟷 , 2 … , ℉ )


  ( 5 )


   ԏ  ί 𝜁 =  {       ℧ -  ί 𝜁 ,     for   benefit   attribute    ʊ  𝜁               (    ℧ -  ί 𝜁 )    c . ,     for   cost   attribute    ʊ  𝜁 , ί = 𝟷 , 2 , & , ɰ ; 𝜁 = 𝟷 , 2 & ,   ℉         ( 5 )


       ℧ -  ί 𝜁


     (    ℧ -  ί 𝜁 )    c . =   ⋃      𝜒 ~     ℧ -  ί 𝜁 ,    Ȥ ~     ℧ -  ί 𝜁 𝜖    ℧ -  ί 𝜁   {  (   𝟷 −   𝜒 ~     ℧ -  ί 𝜁 ) + 𝒾  (   𝟷 −  Ȥ ~     ℧ -  ί 𝜁 ) } ,


     ԩ - =    (  ԏ  ί 𝜁 )  ɰ × ℉


   ( 5 ) ,


    𝒟 ⏞ =    (    ℧ -  ί 𝜁 )  ɰ × ℉


   ԩ - =    (  ԏ  ί 𝜁 )  ɰ × ℉


   ԏ  ί 𝜁


   ( 𝜁 = 𝟷 , 2 & ,   ℉ )


  C H F H W A


   ԏ ί =     C H F H W A   ℷ (  ԏ  ί 𝜁 ,  ԏ  ί 𝜁 , . , . ,  ԏ  ί ℉ ) =    ℉    ⨁  H   𝜁 = 𝟷  (    ϣ _  𝜁  (  ԏ  ί 𝜁 ) ) =   ⋃      𝜒 ~     ℧ -  ί 𝟷 ,    Ȥ ~     ℧ -  ί 𝟷 𝜖  ԏ  ί 𝟷 , . . ,     𝜒 ~     ℧ -  ί ℉ ,    Ȥ ~     ℧ -  ί ℉ 𝜖  ԏ  ί ℉   {        (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) +   𝒾  (     ∏  𝜁 = 𝟷 ℉        ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 −   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     ( 𝟷 −    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) } ,   ( 6 )


  C H F H W G


   ԏ ί =     C H F H W G   ℷ (  ԏ  ί 𝜁 ,  ԏ  ί 𝜁 , . , . ,  ԏ  ί ℉ ) =    ℉    ⨂  H   𝜁 = 𝟷    (  ԏ  ί 𝜁 )     ϣ _  𝜁 =   ⋃      𝜒 ~     ℧ -  ί 𝟷 ,    Ȥ ~     ℧ -  ί 𝟷 𝜖  ԏ  ί 𝟷 , . . ,     𝜒 ~     ℧ -  ί ℉ ,    Ȥ ~     ℧ -  ί ℉ 𝜖  ԏ  ί ℉   {     (   ℷ   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −     𝜒 ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (     𝜒 ~     ℧ -  𝜁 )     ϣ _  𝜁 ) +   𝒾  (   ℷ   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁    ∏  𝜁 = 𝟷 ℉     ( 𝟷 +  ( ℷ − 𝟷 )  ( 𝟷 −    Ȥ ~     ℧ -  𝜁 ) )     ϣ _  𝜁 +  ( ℷ − 𝟷 )   ∏  𝜁 = 𝟷 ℉     (    Ȥ ~     ℧ -  𝜁 )     ϣ _  𝜁 ) }


   ԏ ί  ( ί = 𝟷 , 2 , … , ɰ ) .


   ᵲ  𝟷 ,  ᵲ 2 ,  ᵲ 3 ,  ᵲ 4


   ʊ  𝟷 :


   ʊ 2 :


   ʊ 3 :


   ʊ 4 :


     ϣ _ =    ( 𝟢 . 4 , 𝟢 . 2 , 𝟢 . 3 , 𝟢 . 𝟷 ) Ⱦ


   ᵲ ί


     ʊ  𝜁


   ԩ - =    (  ԏ  ί 𝜁 )  ɰ × ℉


  ℷ = 𝟢 . 3 ,


     ℧ -  ί 𝜁  ( ί = 𝟷 , 2 , & , ɰ ; 𝜁 = 𝟷 , 2 & ,   ℉ )


  ί


   ԩ -   ,


   ( 6 ) ,


   ԏ ί


   ᵲ ί  ( ί = 𝟷 , 2 , 3 , 4 ) .


  ԏ .


    𝔰  (  ԏ  𝟷 )  𝟢 . 3 = 𝟢 . 5224 ,   𝔰  (  ԏ 2 )  𝟢 . 3 = 𝟢 . 4486 ,   𝔰  (  ԏ 3 )  𝟢 . 3 = 𝟢 . 528 𝟢 ,   𝔰  (  ԏ 4 )  𝟢 . 3 = 𝟢 . 568 𝟢 .  


      𝔰  (  ԏ 4 )  𝟢 . 3 ≥   𝔰  (  ԏ 3 )  𝟢 . 3 ≥   𝔰  (  ԏ  𝟷 )  𝟢 . 3 ≥   𝔰  (  ԏ 2 )  𝟢 . 3


   ʊ 4 >  ʊ 3 >  ʊ  𝟷 >  ʊ 2


   ʊ 4


  ℷ = 𝟢 . 3 , 𝟢 . 6 , 3 , 6 , 𝟷 𝟢


  ℷ


    ℷ ∈ ( 𝟢 , 𝟷 𝟢 ]


  𝔰  (  ԏ ί )  ( ί = 𝟷 , 2 , 3 , 4 )


  C H F H W A


  ℷ


  C H F H W A


    ℷ


  ℷ


  C H F H W A


    ℷ 𝜖 ( 𝟢 , 𝟷 𝟢 ]


   ᵲ  𝟏


   ᵲ  𝟐


   ᵲ  𝟑


   ᵲ  𝟒


   ʊ  𝟏


   {    𝟢 . 2 + 𝒾 𝟢 . 3 ,   𝟢 . 5 + 𝒾 𝟢 . 7 }


   {    𝟢 . 4 + 𝒾 𝟢 . 2 , 𝟢 . 3 + 𝒾 𝟢 . 4 ,   𝟢 . 6 + 𝒾 𝟢 . 9 }


   {    𝟢 . 𝟷 + 𝒾 𝟢 . 6 ,   𝟢 . 8 + 𝒾 𝟢 . 5 }


   {    𝟢 . 7 + 𝒾 𝟢 . 𝟷 ,   𝟢 . 9 + 𝒾 𝟢 . 8 }


   ʊ  𝟐


   {    𝟢 . 4 + 𝒾 𝟢 . 2 ,   𝟢 . 𝟷 + 𝒾 𝟢 . 3 }


   {    𝟢 . 7 + 𝒾 𝟢 . 𝟷 ,   𝟢 . 3 + 𝒾 𝟢 . 4 }


   {    𝟢 . 5 + 𝒾 𝟢 . 6 ,   𝟢 . 2 + 𝒾 𝟢 . 7 }


   {    𝟢 . 6 + 𝒾 𝟢 . 9 ,   𝟢 . 3 + 𝒾 𝟢 . 5 }


   ʊ  𝟑


   {    𝟢 . 3 + 𝒾 𝟢 . 5 ,   𝟢 . 9 + 𝒾 𝟢 . 6 }


   {    𝟢 . 8 + 𝒾 𝟢 . 3 ,   𝟢 . 2 + 𝒾 𝟢 . 4 }


   {    𝟢 . 4 + 𝒾 𝟢 . 2 ,   𝟢 . 𝟷 + 𝒾 𝟢 . 𝟷 }


   {    𝟢 . 5 + 𝒾 𝟢 . 7 ,   𝟢 . 6 + 𝒾 𝟢 . 8 }


   ʊ  𝟒


   {    𝟢 . 4 + 𝒾 𝟢 . 2 ,   𝟢 . 9 + 𝒾 𝟢 . 5 }


   {    𝟢 . 5 + 𝒾 𝟢 . 3 ,   𝟢 . 3 + 𝒾 𝟢 . 7 }


   {    𝟢 . 8 + 𝒾 𝟢 . 𝟷 ,   𝟢 . 2 + 𝒾 𝟢 . 9 }


   {    𝟢 . 𝟷 + 𝒾 𝟢 . 6 , 𝟢 . 2 + 𝒾 𝟢 . 8 ,   𝟢 . 6 + 𝒾 𝟢 . 4 }


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑨  𝟎 . 𝟑


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑨  𝟎 . 𝟔


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑨  𝟑


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑨  𝟔


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑨  𝟏 𝟎


   ʊ  𝟏


  𝟢 . 5567


 


  𝟢 . 5 𝟢 22


  𝟢 . 4884


  𝟢 . 4828


   ʊ  𝟐


  𝟢 . 4486


  𝟢 . 4353


  𝟢 . 3998


  𝟢 . 3872


  𝟢 . 38 𝟢 𝟢


   ʊ  𝟑


  𝟢 . 528 𝟢


  𝟢 . 5 𝟷 32


  𝟢 . 4734


  𝟢 . 4589


  𝟢 . 45 𝟢 5


   ʊ  𝟒


  𝟢 . 5929


  𝟢 . 577 𝟷


  𝟢 . 5387


  𝟢 . 5264


  𝟢 . 5 𝟷 97


   ʊ  𝟒 >  ʊ  𝟏 >  ʊ  𝟑 >  ʊ  𝟐


   ʊ  𝟒 >  ʊ  𝟏 >  ʊ  𝟑 >  ʊ  𝟐


   ʊ  𝟒 >  ʊ  𝟏 >  ʊ  𝟑 >  ʊ  𝟐


   ʊ  𝟒 >  ʊ  𝟐 >  ʊ  𝟑 >  ʊ  𝟐


   ʊ  𝟒 >  ʊ  𝟏 >  ʊ  𝟑 >  ʊ  𝟐


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑮  𝟎 . 𝟑


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑮  𝟎 . 𝟔


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑮  𝟑


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑮  𝟔


    𝑪 𝑯 𝑭 𝑯 𝑾 𝑮  𝟏 𝟎


   ʊ  𝟏


  𝟢 . 3928


  𝟢 . 4 𝟢 63


  𝟢 . 4398


  𝟢 . 45 𝟢 3


  𝟢 . 456 𝟢


   ʊ  𝟐


  𝟢 . 3388


  𝟢 . 32 𝟷 9


  𝟢 . 3462


  𝟢 . 3533


  𝟢 . 357 𝟢


   ʊ  𝟑


  𝟢 . 3399


  𝟢 . 3564


  𝟢 . 396 𝟢


  𝟢 . 4 𝟢 9 𝟢


  𝟢 . 4 𝟷 6 𝟷


   ʊ  𝟒


  𝟢 . 4273


  𝟢 . 4358


  𝟢 . 486 𝟢


  𝟢 . 5 𝟢 46


  𝟢 . 5 𝟷 55


   ʊ 4 >  ʊ  𝟷 >  ʊ 3 >  ʊ 2


   ʊ 4 >  ʊ  𝟷 >  ʊ 3 >  ʊ 2


   ʊ 4 >  ʊ  𝟷 >  ʊ 3 >  ʊ 2


   ʊ 4 >  ʊ  𝟷 >  ʊ 3 >  ʊ 2


   ʊ 4 >  ʊ  𝟷 >  ʊ 3 >  ʊ 2


  C H F H W A


  C H F H W G


  ℷ


  C H F H W G


  C H F H W A


  𝔰  (  ԏ  i )  ( i = 𝟷 , 2 , 3 , 4 )
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